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Abstract—1In this paper we propose a novel censoring policy for
energy-efficient transmissions in energy-harvesting sensors. The
problem is formulated as an infinite-horizon Markov Decision
Process (MDP). The objective to be optimized is the expected sum
of the importance (utility) of all transmitted messages. Assuming
that such importance can be evaluated at the transmitting node,
we show that, under certain conditions on the battery model,
the optimal censoring policy is a threshold function on the
importance value. Specifically, messages are transmitted only if
their importance is above a threshold whose value depends on the
battery level. Exploiting this property, we propose a model-based
stochastic scheme that approximates the optimal solution, with
less computational complexity and faster convergence speed than
a conventional Q-learning algorithm. Numerical experiments
in single-hop and multi-hop networks confirm the analytical
advantages of the proposed scheme.

Index Terms—Wireless sensor networks, energy-aware sys-
tems, Markov Decision Process, energy harvesting

I. INTRODUCTION

Efficient management of energy resources is essential to op-
erate Wireless Sensors Networks (WSN) equipped with finite-
size batteries and energy-harvesting devices [1]. Numerous
works have designed energy-saving strategies that account
for the limited and stochastic nature of the harvested energy.
Many of them were aimed at solving general communication
problems such as utility-based cross-layer design [2], power
allocation [3], [4], or rate adaptation [5]. At the same time, in
the field of WSN there has been a growing interest in strategies
that take into account the importance of the information to
be transmitted for the application at hand. The “importance
value” can be, for instance, the traffic priority of the routing
protocol, the deviation from the mean in distributed estimation
[6], or the likelihood ratio in decentralized detection [7]. Such
strategies, sometimes referred to as selective communication
[8] or sensor censoring strategies [7], assume that nodes can
evaluate/quantify the importance of the current message and
use it to decide whether transmitting or censoring it. To make
the decision, additional parameters such as the cost of the
communication, the confidence that the message will arrive
to its destination, or the available energy resources, should
also be taken into account. That is precisely the objective of
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this work: designing optimal censoring policies for an energy-
harvesting scenario.

Since the aforementioned parameters are correlated across
time, decisions, which are made sequentially, should be de-
signed to optimize the long-term behavior of the system
(for example, by maximizing the aggregated importance of
all messages transmitted by the WSN). From an algorithmic
viewpoint, the design of such censoring policies is a Dynamic
Programming (DP) problem that, under certain assumptions,
can be modeled as a Markov Decision Process (MDP). The
current “transmit or censor” decision changes the amount of
energy stored in the battery and, therefore, has an impact not
only on the current battery state, but also on future ones.
Therefore, efficient policies have to balance the benefits of an
immediate reward with the (expected) impact of each decision
on future costs/rewards. In general, the resulting DP problems
are difficult to solve and approximate solutions are often
required [9], [10].

Assuming a “predictable” setting where one knows not only
the past, but also the future values of the state information
(e.g., energy to be harvested in the future instants), optimal
off-line decision policies can be applied [11], [12]. Although,
such schemes serve as a benchmark, they do not cope well
with many practical scenarios, where energy and packet-
arrival processes are not known in advance. Consequently,
many works in the literature are MDP based. In [13] a
policy iteration algorithm [9] is used to estimate the decision
policy maximizing the long-term average reward, for a dual
recharge/replace battery harvesting model with unitary trans-
mission costs. The scheme in [14] is also based on unitary
costs and an average reward optimization. This work and its
later extension in [15] show that (a) the optimal transmission
policy applies a threshold over the importance values that is a
decreasing function of the available energy, and (b) a balanced
policy is close to optimal. The balanced policy is a simple
scheme, also analyzed in this paper, that takes into account
the long-term distribution of the energy harvested and ignores
the instantaneous battery level [15], [16].

The main drawback of these approaches is that they need
to know the distributions of the energy and packet arrival
processes, which may not be available in practical scenarios. In
such cases, nodes have to be able to learn whatever information
is needed in real time. One approach to handle this problem,
recently proposed in [17], is to apply Q-learning (a stochastic
method widely used in the context of reinforcement learning
[9], [10]) to solve the DP problem. But this approach has its
own problems. Since Q-learning is a model-free algorithm that
tries to estimate the value function in a non-parametric manner,
it can result in a slow convergence and high computational
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complexity when the size of the state space grows (the problem
is even more severe if the state space is continuous).

In this paper, we propose a model-based stochastic ap-
proximation algorithm to solve the previous difficulties. More
specifically, we show that, under reasonable assumptions on
the battery dynamics, the optimal censoring policy is a thresh-
old function on the importance value. An ad-hoc stochastic
approximation algorithm exploiting this property is proposed
that, compared with a conventional Q-learning algorithm, is
more efficient in terms of computational complexity, memory
requirements and convergence speed.

A similar approach for the case of censoring sensors
with non-rechargeable batteries was proposed for single-
hop communications [8], and for the optimization of multi-
hop networks [16], [18]. Compared to our previous work
in scenarios with non-rechargeable batteries [8], [16], the
results in this paper reveal that the harvesting scenario is
substantially different. While, in a non-rechargeable case, a
censoring policy discarding messages whose importance is
below a fixed threshold is quasi-optimal, censoring policies
based on energy-dependent thresholds are significantly more
efficient in harvesting sensors.

Our experiments, based on a battery model that copes
with more general stochastic transmission and reception costs,
and also for stochastic harvesting patterns, show that energy-
dependent transmission policies can be more efficient than
balanced policies. Our use of a penalized discount with
infinite horizon [9] is also more appropriate to cope with non-
stationary environments. As in almost every approach in the
literature, our MDP model optimizes the performance of each
node separately, which is guaranteed to be globally optimal
only for single-hop scenarios. However, by using a success
index [16] to model the behavior of neighboring nodes, MDP
models at different nodes get coupled and, as a result, a
network of MDP-based sensors can significantly outperform
networks where nodes implement balanced policies.

The remaining of the paper is organized as follows. Section
I describes the WSN model. Section III states the main
theoretical results. Section IV considers different simplifying
assumptions to gain insights on the optimal solution. Section
V develops low-complexity stochastic schemes that approxi-
mate the optimal solution and are robust to non-stationarities.
Section VI evaluates the proposed schemes using numerical
simulations. Conclusions in Section VII close the paper.

II. SYSTEM MODEL

In this section, we introduce notation, explain the mathemat-
ical model that describes the dynamics of our system under a
censoring policy, and formulate the objective to be optimized.

The model is defined by four main components: a) a set of
state variables, b) a set of possible actions, c) a probabilistic
model of the state dynamics (that describes how future states
depend on the current state and the actions taken), and d) a
reward model (that describes the immediate reward obtained
when some action is taken at a given state). As explained in
the introduction, since we are interested in maximizing the
long-term reward and current actions have an impact into the

future states, our problem will fall into the DP framework.
Moreover, because the state dynamics are assumed Markovian,
the problem will be modeled as an MDP.

A. State vector

Consider a node that receives a sequence of requests to
transmit different messages. The messages can be received
from another node or generated from local measurements. The
state of the node will be characterized by two variables

o ey the battery level at step (slot) k. It reflects the “internal
state” of the node,
o x: the importance of the message to be sent at step k.

Following the typical terminology in MDP models, the state
vector of the node is defined as s; = (eg,xy); i.e., the state
vector contains all and only the information that is available at
the node to make a decision at time k. The set of all possible
states is denoted as S.

To facilitate exposition, k is considered an epoch or slot
index, which starts when the node has to decide whether
to censor or transmit a message (either received from one
of its neighbors or generated from its sensing devices) and
ends when the next message is received. Besides transmit-
ting or censoring the message, during each epoch the node
(eventually) collects some energy from the environment. This
approach, which is used by many authors, implies that the
actual duration of each slot k is stochastic. Clearly, the results
in the paper also hold true if the system operates with a
constant sampling period (the only modification required is
to set z;; = O for the time instants £ where no message has
been received).

Note that, besides e; and zj, the node could use additional
information to make decisions. This information can be also
local (the packet length, the state of the communication chan-
nel) or pertain to other (neighboring) nodes. Additional local
information can be easily incorporated into the formulation,
provided that the state dynamics are similar to those of ey
and xy; see, e.g., [16]. Incorporating information about the
state or the eventual actions of neighboring nodes (e.g., battery
levels, or information about their censoring policy) will lead
to a better network operating point, although it raises issues
such as the accuracy and the cost of acquiring the non-local
information (exchange of information requires, for example,
additional energy consumption). Since the paper investigates
the design of separate (per-node) censoring policies, we will
focus on local information. As we will see in Section III, the
success index variable defined in Section II-D could be used
as a means to couple the decisions across the network; see
[16] for details.

B. Actions and policies

At each time epoch k, the sensor node must take an action
(decision) aj about sending the current message (ay = 1), or
censoring it (a = 0). A forwarding policy 7 = {a;,as,...}
at a given node is a sequence of decision rules, which are
functions of the state vector; i.e.,

ap = T (sk) = Tr(ek, Tp). (D
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C. State dynamics

Next, we describe the model for the stochastic processes ey,
and z;. that form the state vector.

The energy consumed at each time epoch depends on the
taken action. Let cost ¢; denote the energy consumed by
the node and by the amount of energy (if any) harvested
by the node since the last action aj_;. Then, e,y can be
written recursively as ej+1 = ¢p(exr — & + bi), where
¢p(e) = max(0, min(e, B)) is a clipping (projection) func-
tion that guarantees that the energy stored in the battery is
never negative, nor exceeds its maximum capacity B.!

Cost ¢, may include the cost of data sensing (if the sensor
is the source of the message), the cost of data reception (when
data come from other nodes), the cost of idle periods, or what-
ever other costs incurred since the last action. When a; = 1,
¢k, includes the previous costs plus the cost of transmitting the
message. This statistical model allows us to deal with a broad
range of scenarios: stochastic packet arrivals, communications
over fading channels, packet losses, automatic repeat request
(ARQ) schemes, to name a few. In those networks, the energy
consumption during node communications can vary depending
on the amount of retransmissions required for a successful
packet arrival. The range of values and statistical model for by,
depend on both the type of harvesting device and the source
of energy considered [19]. To simplify notation, we define
cr = ¢, — by, so that battery dynamics can be rewritten in a
more compact form as

ex+1 = Pp (ek- - Ck)- ()

Note that high values of harvested energy can render cj
negative.

D. Rewards

The reward at time k is given by
Tk = QRWET, (3)

where wy, € {0, 1} denotes the success index (a binary variable
taking value 1 if the transmission is successful, and zero
otherwise). Thus, the reward r; that each node receives is
a positive value zj, if and only if it decides to transmit the
message (ar = 1) and the transmission is successful (wy = 1).
Otherwise, the reward is zero.

The meaning of the success index wj depends on the
application scenario. In general, a reasonable choice is to
set wi = 1 if and only if the message is properly received
at its final destination. However, in multi-hop networks, the
information about the reception of messages at the sink node
may not be available to all nodes along the route. In such
a case, other (suboptimal) choices for wy are possible. For
instance, in [16] it is shown that setting w, = 1 if the
neighboring node forwards the transmitted message can be
nearly as efficient as using the actual information from the

ISimilar models are used in related works [1]. For example, [14] use a
slightly different model, e,y = min{max{ey — éx,0} + by, B}, which
assumes that the energy recharge happens at the end of the decision slot.
Using this alternative model does not state special difficulties, and would not
change the qualitative analysis in this paper.

sink. Another (simpler) way to decouple the decisions between
nodes is just setting wy = 1 when the node is able to transmit
a message, as proposed in [8]. This choice is optimal in single-
hop networks with star topology. In any case, the optimal
policy in Section III will demonstrate that the optimal action
depends on wy, or, to be more precise, on the knowledge of
wy, available at the agent making the decision.

E. Problem formulation

Our transmission policies will be designed so that the
expected aggregate reward is maximized. Following a standard
approach in DP, the “so-called” discount factor 0 < v < 1 is
considered [9] and, based on it, the expected aggregate reward
is defined as

o0 o
Ve(s)=E Z’ykrk|so =s,=E kaakwkxﬂso =s
k=0

k=0
“)
The optimal transmission policy is then
7 = argmax V. 5

Note that only messages successfully transmitted by the nodes
are relevant in (4). Eq. (4) states a DP problem with infinite
horizon (because all future time instants are considered) and
discounted cost (due to the presence of 7 which penalizes
future rewards exponentially) [9]. Indeed, V,(s) is typically
referred to as either value function or reward-to-go function.
Mathematically, the presence of « eases the existence of a
stationary policy that optimizes (4); see, e.g., [9]. Additional
details will be given in the ensuing section.

ITI. OPTIMAL STATIONARY POLICY

This section is devoted to design stationary solutions that
solve the DP formulated in Section ILE. Since the objective
in (4) depends on the stochastic processes xy, cg, and wy,
assumptions on the stationarity of such processes are required.
The relationships among the main variables in the MDP are
represented in the graphical model in Fig. 1. Arrows in this
model encode direct causal relationships between variables:
the action is a function of the state, the success index depends
on the state only (and also on ax, which is a deterministic
function of the state), the energy consumed or harvested
depends on the action taken, and the energy at the next state
depend on the current battery level and the energy consumed
or harvested at time k. The model assumptions underlying the
graphical model representation and that will be used in our
analysis, are the following:
asl) the process z; > 0 is independent, identically distributed
(i.i.d.) and independent of ey;
as2) ci is independent of x, e; and all its previous history,
given the action, ay, and p(cg|ay) does not depend on k;
as3) wy, is independent of all its previous history, given e;, and
xy, and p(wy|ek, xx) does not depend on k.

Some independence assumptions may be oversimplifying for
some applications: in particular, the independence of the
importance values can be non realistic in scenarios where
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Fig. 1: A graphical model relating the main variables in the MDP.

consecutive sensor measurements are correlated. Also, the
harvested energy can be time-correlated when it depends on
environmental variables that span over several epochs (on the
other hand, the energy harvested by wind sensors is oftentimes
modeled as i.i.d. [20]). Nonetheless, it is worth mentioning
that: i) incorporating time-dependence into our model (while
preserving Markovianity) does not state special difficulties,
though it would imply some extra computational load and
memory requirements, ii) the independence of c; with respect
to xp or e; can be relaxed without entailing a big penalty
in terms of complexity [16]; iii) due to the presence of the
discount factor <, stationarity can be relaxed to short-term
stationarity (more specific comments will be provided in this
section after presenting the optimal solution); and iv) the
stochastic schemes proposed in Section V will be able to
handle non-stationarities.

Under the previous assumptions and due to the recursive
definition of e; given by (2), the state dynamics are Marko-
vian. Hence, the tuple (S, A, P,r), where S is the set of
states, A = {0,1} is the finite set of possible decisions
(actions), P is the transition probability measure that can be
expressed as p(Sky1[Sk,ar) = pextiler, ar)p(Trr1), and 7
is the instantaneous reward function, constitutes an MDP. As
a result the existence of a Markovian and stationary optimal
policy 7* is guaranteed [9], [21].

Clearly, the value function associated with this policy needs
to satisfy the Bellman’s optimality equation [9]

Ve (s) = max E{ry + Ve« (Sgr1)|ax = a, s, = s}, (6)
a€{0,1}

which can be used to obtain the optimal decision rule. This is
accomplished by Theorem 1. All expectations in the following
are computed over xy, ¢ and wy, (which are the primary ran-
dom variables in the model), unless otherwise stated through
the conditional operators.

Theorem 1: Under asl-as3, it holds that (4) is maximized by
a stationary policy aj, = 7*(s) satisfying

ar = w(W ek, z)zr — plex)), @)
where u is the Heaviside step function, W (e, x) = E{wg|ex =
e,xr, = x} Is the success probability and the threshold

Sfunction y is defined recursively through the pair of equations

p(e) =y (E{A(pp(e — cx))lar = 0}

—E{\(¢ple — ck))lar = 1}), (8)
Ale) =vE{N(@p(e — cx))lar = 0}
+E{(W (e, zp)zr — pu(e)) ™}, )

with (2)* = max{z, 0}, for any z.

The auxiliary function A(e) represents the expected value
function for an initial battery ey = e, i.e.,

Ae) = E{V,«(s)|eg = e}. (10)

Proof: See Appendix A. ]
This theorem comes from the direct application of Bell-
man’s equation to a case where some part of the state,
x, 1S uncontrollable, and the “reduced” value function A
only depends on e. A discussion on this kind of problems
can be found in, e.g., [22, Chap. 6.1]. Focusing for now
on (7), the theorem establishes that transmission decisions
are made by comparing the expected instantaneous reward
W (e, zx)x with an energy-dependent threshold p(ey). The
threshold quantifies the loss of the future reward associated
with the transmission. In other words, the value of u(ey) is
the difference between the future reward if a; = 0 (and thus
transmission energy is preserved) and that if a; = 1. Clearly,
the expected future reward will be higher if the energy stored
in the battery is higher (because more transmissions can be
afforded), so that A(+) is an increasing function of e and pu(+) is
always positive. This implies that the optimal policy compares
the instantaneous and future rewards and acts accordingly.
Moreover, the instantaneous reward depends on the (expected)
value of the success index, confirming that the optimal action
depends not only on e; and xy, but also on wy.

Due to asl-as3, the policy in Theorem 1 is stationary. As
a result, the optimal transmission policy (mapping from state
variables to actions) does not depend on the specific time in-
stant, but only on the value of the state variables. As mentioned
earlier, the presence of v opens the door to deal with non-
stationarities as long as the state information is stationary in
the short-term. Intuitively, the reason is that Z;O:O 'yk can be
safely approximated by Z;Ij:o 7* with N < oo (for instance,
for v = 0.95 and N = 100 the error in the approximation
is less than 1%). Provided that the processes are stationary
during at least an interval of length NV, using the results in
Theorem 1 will lead to a small error. In such a case, the
transmission policy would need to be recomputed every time
the distribution of the random processes changes.

Although Theorem 1 holds for any cost and importance
distributions, it does not provide a clear intuition on how
such distributions influence the optimal policies. Additionally,
the resulting equations are difficult to solve (even if the
expectations involved can be computed). The remaining of
the paper is devoted to handle some of these issues. In
Section IV we consider several simplifying assumptions that
render the theoretical analysis more tractable, so that we can
get further insights on the behavior of the optimal solution.
Finally, in Section V we design low-complexity stochastic
approximations to the analytical schemes that can be applied
in general scenarios (not only to those in Section IV).

IV. ANALYSIS OF THE OPTIMAL POLICY

In this section, we will analyze different aspects of the op-
timal policies. In the first subsection, we will derive recursive
expressions to compute those optimal policies. In the second
subsection, we will obtain the steady-state energy distributions
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and assess their impact on the optimal policies. To facilitate
the computation of the optimal schemes, we will consider
three simplifying assumptions: AS1) Process wj does not
depend on z;. AS2) The energy variables are discretized, so
that ey, ¢ and B are integer values. As a result, the energy
space is approximated by a finite space, but the approximation
error can be minimized by choosing the energy resolution ¢
small enough, though at the expense of increasing the memory
requirements and the computational complexity. Discretization
is a widely used approach to deal with continuous-state DPs.
AS3) The success probability can be written as

W(e) = P{cr <elar =1} (11)

In words, the transmission is successful if the node has energy
enough to transmit the message. This is the case if, for
example, the communications are error free. In the presence of
path losses, (11) also holds if the message is retransmitted until
a confirmation is received —the path-loss probability would
modify the distribution of the energy cost cj, but not the
formal expression in (11). Alternatively, if retransmissions
are finite (or zero) path losses can be accommodated by
just multiplying the right-hand side of (11) by the packet
loss probability. This equation is specially suited to single-
hop communications. In multi-hop networks, it is suboptimal
because it does not consider whether the message is eventually
forwarded through the network up to the sink. Nonetheless,
the equation decouples variables across nodes, simplifying the
derivation of analytical expressions that can be useful even for
scenarios where it entails a loss of optimality.

Note that these assumptions are only needed to have a
simple scenario where the optimal policy can be computed,
and consequently get some insights on its structure and per-
formance. Once that goal is achieved, they will be relaxed in
the following sections.

A. Optimal policies for particular cases

Under assumptions AS1 and AS2, the selective transmitter
given by (7), (8) and (46) can be described by the following
set of discrete equations

ar = U <xk - If;/((e::)) (12)
n(e) =vE{\(¢5(e —c))|a = 0}
—E{\(¢B(e —¢))la =1} (13)

A(€) = AEA (@5 (e — o))]a = 0} + W(e)h (V*;(()))

(14)

where

h(a) = E{(z — a)T}. (15)

Note that since ci and ay, are stationary, subindex k has been
dropped to simplify notation.

Even in this simplified scenario, (13) and (14) cannot
be solved analytically, so that neither the “reduced” value
function nor the transmission threshold can be found in closed
form. However, the considered assumptions reduce the size
of the state space and thus, facilitate the implementation of

iterative methods, such as value iteration and policy iteration
[9], [10], [21]. For example, using Value Iteration and with [
denoting an iteration index, the optimal schemes can be found
using the iterations

pu(e) =vE{Ni-1(dp(e - ¢))|a = 0}
—1E{Ai1(¢p(e - ¢))la =1}

Ai(e) = YE{N—1(¢p(e —¢))|la = 0} + W (e)h <Il/;;((i)))

a7

(16)

where po(e) and Ag(e) are the arbitrary initial values.

To gain some insights, next we solve numerically and ana-
lyze the optimal solution for different scenarios with stochastic
energy costs. We consider the case when E{cla = 0} < 0,
which implies that nodes can discard messages to recharge
batteries during operation and, thus, the lifetime can be ex-
tended indefinitely. To be more meaningful, we will assume a
scenario where each decision epoch can be split into a variable
number of fixed-duration time slots, and variable ¢ can be
decomposed as

c=ng-ci+cr—b+a-A, (18)

where ng is the number of time slots since the last decision,
cy is the (stand-by) energy consumed during each time slot,
cr is the cost of receiving or sensing the current message, b is
the amount of battery recharged since the last node decision,
a is the action, and A is the incremental cost of deciding
a = 1. We assume a lossy channel where retransmission
trials are repeated until the message is successfully received
at destination. Thus,

A= nrcr (19)

where cr is the cost of each transmission trial and n is the
number of transmission trials.

We have simulated a scenario where cg = 2, ¢; = 1 and
ng follow a geometric distribution with mean 2. We assumed
a very poor channel, so that transmission trials fail with
probability 0.4. The cost of each transmission trial is set to 4.
This configuration tries to simulate WSN configurations where
the energy cost of transmitting a message is substantially
higher than that of sensing or receiving a message. The
amount of battery recharged, b, is also stochastic. We assume
that the amount of battery recharge can be decomposed as
b= Zzl b; where b; are i.i.d. variables accounting for the
battery recharged at each time slot ¢. During each time slot,
the probability of a nonzero battery recharge is p, = 1/3, and,
when b; > 0, b; is geometrically distributed with mean .
Three different values of my, namely, 5, 10 and 15, have been
explored. For these values, the corresponding values of

¢o = E{cla =0} (20)

are -0.1, -3.4 and -6.7, respectively. Finally, an i.i.d. expo-
nential importance distribution with unit mean was assumed,
and v = 0.999.

Fig. 2.(a) shows the threshold function for each value of
Co. Note that, except for very small values of e, threshold
u(e) is a decreasing function of e (for very small values of e,
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Fig. 2: (a) Optimal thresholds for a harvesting node with B = 100,
stochastic energy costs, a unit-mean exponential importance distribu-
tion and v = 0.999, for different values of ¢y. (b) The value function
Ale).

the influence of W (e) in (12) is non-negligible). This can be
explained as follows: for small values of e, the node increases
the threshold to avoid that messages with low importance
deplete batteries. For e close to the maximum battery load,
there is almost no benefit of refusing transmission, because
the battery cannot be indefinitely charged and, thus, only very
unimportant messages are censored. Additionally, as ¢y gets
smaller (more negative),  gets smaller too. The reason is that
faster battery recharge allows for a higher transmission rate.

Fig. 3 illustrates the effect of changes in the battery size,
B, for the second test-case (mp = 10 and ¢, = —3.4).
We also show as a baseline a constant threshold policy [
(horizontal dotted line), whose value is chosen so that the
average (long-term) energy consumption coincides with the
average harvested energy, without considering the battery
limits. This simple policy, which is related to the “energy
neutral operation” concept proposed in [19], is analyzed in
different works, either under the name of balanced policy (BP)
in [14] or under the name of non-adaptive balanced policy
(NABP) in [1], [15]. Using this approach, the problem reduces
to estimate the constant threshold [ that renders E{c} = 0,
assuming B = oo. This is solved for

_ _ Co
.
:u’ X <Cl_CO> 9

where ¢; = E{cla = 1} and Fy' is the inverse of the
cumulative distribution function of x.

2y

B. Steady-state distributions

In this section, we will focus on asymptotic behavior, so
that the effects of the initialization are disregarded.

Using elementary Markov Chain properties, it can be shown
that, under some general conditions, the statistical distribution
of the battery level converges, as k goes to infinity, to a
distribution ¢ that is the solution of (I — P)¢ = 0 subject to

Threshold function

1.4

0 50 100 150 200
e

Fig. 3: Optimal thresholds for a harvesting node with ¢o = —3.4,
¢r = 4, exponential importance distribution and v = 0.999, for dif-
ferent values of the battery size. The horizontal dotted line shows the
constant threshold value balancing the average energy consumption
with the recharging rate.

¢; > 0and Zf;o ¢; = 1, where P be the transition probability
matrix with entries

pij = P{er = jlex—1 =i}, ,7=0,...,B (22)

and where, for notational convenience, we started the matrix
indexing at 0.

Using the stationary distributions, the expected performance
of a selective transmitter can be computed as

*= 1 t—rE . 2
v kggogv {aqweae} (23)

Leveraging AS3, and using (7), (11) can be substituted into
(23) to yield,

B
1 1
V' = —E{apwiz} = —— E{awizi|er = e} de
(24)
Taking into account that w; does not depend on z;, a; and
e, the expectation in the sum can be computed as
E{awixeler = e}
=E {wiz¢|ar = 1,6 = e} P{a; = 1le; = e}
=E{wilay = 1,e; = e} E{x¢|a; = 1,6, = e}
- Pla; = 1le; = e}
=W(e)E{x¢|la; = 1,e; = e} P{a; = 1|e; = e}

_ _ule)
=W(e)E {xtu ({E W(e)) } (25)
Defining function g as
9(p) =E{u(z — p)x} = h(p) + p(1 — Fx(n))  (26)
and substituting (25) into (24) we arrive at
1 [ nle)
V=1 ;g (W(e)> W(e)e @7
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To compute ¢, one has to compute first the transition matrix
P, which depends on the censoring policy [cf. (22)]. This is
accomplished in Appendix B.

Strictly speaking, optimizing (24) is only equivalent to
optimizing (4) when v — 1. Nevertheless, (24) is useful to
evaluate the long-term performance of our strategy.

Additionally, we compute the expected performance of the
balanced policy (21) based on a constant threshold fi. For such
constant threshold, p(e) = pW(e), and (27) can be simplified
as

B

Vi = ). Y W(e)dpei

(28)
1_rye=0

Finally, for a non-selective transmitter, 7 = 0, g(z) = E{z}
and

(29)

Fig. 4 shows the expected discounted reward [cf. (23)] for
my, ranging from 1 to 29 and for p, = 1/3. Fig. 5 illustrates
a similar behaviour for a scenario with ¢ = ¢g = 2 and
pp = 0.04 respectively. In the horizontal axis we show the
corresponding value of ¢ (average energy consumption when
there is no transmission). The figures demonstrate that: as ¢,
increases, the performance of the balanced transmitter (BAL)
deteriorates much faster than the one of the optimal transmitter
(OPT), being even worse than that a non-selective strategy
(NS). This effect is very noticeable in Fig. 5, where the
harvesting is more occasional (lower probability of refill).
Another relevant behavior is observed on the left region
of Fig. 4 (very negative values of ¢j). In that region, the
energy harvesting is enough to compensate on average the
communications costs, so that OPT, BAL and NS obtain the
same performance. As energy decreases censoring is needed,
but still OPT and BAL perform closely. Fig. 5 also shows that,
even in situations where the transmissions costs are similar to
reception costs, the performance of OPT is noticeably superior
to BAL and NS. From both figures we can conclude that there
are some scenarios where the performance of BAL is far from
optimal.

V. STOCHASTIC APPROXIMATE SCHEMES

The analysis in the previous sections provided insights on
the behavior of optimal harvesting sensor nodes. However,
the optimal policies presented so far are computationally very
expensive, so that they can not be easily implemented in real
time by sensors with limited computational capabilities. In
this section, we present different ways to develop suboptimal
adaptive stochastic schemes that reduce the computational
complexity and, additionally, are able to deal with non-
stationarities.

A. A stochastic approximation to the optimal policy

The threshold-based optimal policy presented in Section III
stands on two main assumptions on the energy dynamics: (a)
neither the energy consumption nor the recharge depend on the

800

600
~

400

200

10 -8 -6 -4 -2 o 2

%

Fig. 4: Expected performance for a scenario with stochastic energy
costs and high refill probability p, = 1/3, as a function of ¢o. Battery
size B = 100 and exponential distribution with unit mean and v =
0.999.

6005, °
500
400

300

200

100

% 5 . )

Fig. 5: Expected performance for a scenario with stochastic energy
costs and low refill probability p, = 0.04, as a function of ¢o. Battery
size B = 100 and exponential distribution with unit mean and v =
0.999.

importance value, but only on the taken action, and (b) in the
linear regime (i.e., with the exception of the battery saturation
points) the variation of the energy stored in the battery does
not depend on the current battery level.

The main difficulty to obtain the optimal solution using
the value iteration method proposed in (16) and (17) is
the computation of the expectations involved. But if we
assume again that e, is discrete’?, they can be stochastically
approximated in a sample-based manner.

In order to do so, we will represent the policy as an
instance of Robbins-Monro algorithm [23] and use stochastic
approximation techniques to get our algorithm. First of all, we

2Even if not discrete, a common strategy to deal with the estimation of
continuous (state) policies is to discretize the input state and use linear
interpolation.
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will decompose cost ¢y, as

ck = Cok + arlg (30)

that is, o j represents the energy consumption when a message
is censored (ap = 0) and A, represents the incremental
cost of transmitting a message. In addition, it is useful to
write (16) and (17) in matrix form. Let us define vectors

A= (A0),A(1),...,A(B))T, and w = (W(0),...,W(B))T,
and the vector of success indices w, = (u(0 — ¢),u(l —
¢),...,u(B—c))T. We assume in the following that vectors are

indexed from 0, in such a way that, for instance, A\, = A(e).
Also, we define the transformation X’ = T.\ such that
At = Ag,(e—c) - In Appendix C we derive the following
adaptive rules as an instance of Robbins-Monro algorithm
[23].

Wil = (1 = mp)wr + MeWey 1A, (31)
apt1 = (1 —nr)og + e Tey Ak (32)
Brsr = 1 = me)Br + meTey 40, Ak (33)
A1 = (1 —m) Ak + nk (’Yak + (Tpwr — v (o — ﬁk))+)

(34)

where 7, stands for the learning stepsize, which can be
set either to diminish with time (for instance in stationary
scenarios where one wants (i, to converge to a fixed function)
or to a small constant (for adaptation to changes in non-
stationary scenarios). The stepsize must be chosen in order to
balance a good convergence speed and a low steady-state error,
but always satisfying the Robbins-Monro stepsize conditions
for convergence [23].

Note that, at each iteration, the above rules update all
components of vector A, i.e., the whole estimate of A(e) is
updated for all values of e. Thus, the computational load
and memory requirements grow linearly with the number of
discrete energy values. Neither the importance nor the energy
distribution are required to be known to use (31), (32) and
(33). Instead, they are run every time a sample of ¢y j or Ay
is observed. Regarding the observability of ¢y ; and Aj some
remarks are in order.

e When a; = 0, Ay, is not observed, and 3;, is not updated.

e When a; = 1, we assume that the sensor can measure
the energy level right before taking the necessary actions
to transmit the packet. Thus, the node can measure an
intermediate energy level exr = ¢p(er — co,), that can
be used to estimate ¢y, and Ay, as follows:

— If there is no battery underflow or overflow, then
Co,k = €k — €k’ and Ak = €k+1 — €k’
— If there is battery depletion, and ex4+1 = 0, oy, B
and wy, are not updated.
— If there is battery overflow (ex41 = B), we estimate
Co,k and Ak as éO,k = € — €L’ and Ak = €k+1— €k’
Note that the cost estimates under battery overflow are biased,
and more involved imputation methods, see e.g. [24], could
be applied to solve this issue. They are left for future work.
In Table I, we summarize the main steps required to run the
stochastic approximate policy (SAP) algorithm.

SAP algorithm
INPUTS: Initial battery e, 7, and 7

Initialize wy = 0, Ag = 0,09 = 0,3, = 0.

At each time step k, at the sensor node:

1. Sense or Receive a message of importance .

2. Harvest energy by, and consume Cg x, (co.x = Co,kx — br)
e Energy after sensing exr = ¢p(ex — Co.i)-

3. Decide about transmitting the message:
ar = u(wek " Tk — :u'ek)'

4. Consume additional cost A, if ar = 1,
o cp = cor +apAy
o epp1 = dpler — cr).

5. Approximate cg , as Co,x = €’ — €k
and Ak as A}C = €k4+1 — 62..

6. Update Ay according to (34).

7. If (ex4+1 > 0): update a, using (32) with co .

8. If (ex+1 > 0 and a, = 1): update wyg and 3,
according to (31) and (33) using ¢; .

9.y =y(ax — By).

TABLE I: Description of stochastic approximate policy (SAP) algo-
rithm.

B. Q-learning

An alternative design is to use universal stochastic approx-
imation methods that do not require any assumption on the
state dynamics, like )-learning [25]. They can be expected
to outperform SAP in scenarios where the above assumptions
are too unrealistic. However, there is a price to pay for this
flexibility. The SAP algorithm leverages the structure of the
optimal decision to reduce the search space and speed up con-
vergence. On the other hand, ()-learning has to compute a )
value for each possible action and state (energy and importance
value); as a consequence, the memory requirements may be too
high. Furthermore, at each iteration, the ()-learning algorithm
only updates the estimate of the value functions at the current
state, and though convergence can be theoretically guaranteed,
it requires to visit all possible states infinitely often [26]. In
practice, for large state spaces, convergence to the optimal
solution is difficult and learning time is much larger than
that of model-based approaches as it will be shown in the
numerical experiments in Section VI.

Our @Q-learning implementation is a minor variation of the
algorithm proposed in [17, Eq. (8)] for a similar application.
In order to be able to apply it to our setup, we quantized
the importance value, which is a real number, into a number
of levels (standard ()-learning needs a discrete state space),
and apply the algorithm in [17]. This algorithm has two
free parameters the learning rate ay, and e the exploration
probability in the e-greedy action selection method.

C. Adaptive balanced transmitter

A further step to decrease computational complexity is to
restrict the attention to suboptimal policies that are easy to
compute. A good candidate is the balanced policy presented
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in (21). This policy estimates a constant (energy independent)
threshold that tries to balance (on average) the harvested and
consumed energy under the infinite battery assumption.

The main difficulty of solving (21) is that it requires
knowledge of the importance distribution. In most cases such
a knowledge is not available, or the distribution may not be
stationary. In the next lines, we present a adaptive scheme to
bypass those problems. An equivalent method for obtaining
an adaptive balance policy was presented in [27].

Upon defining p = Eszo, (21) states that the constant
threshold © is the p-quantile of the distribution function of
x, F'x. Based on the results in [28], which builds functions
that are minimized at specified statistics, we can define the
following cost function whose expectation attains its minimum
at the p-quantile of some conditional probability density

J(@, ) = ple—p)" + (1 -p)(p—2)".

To minimize (35) we implement a stochastic gradient method

(35)

e = pe—1 + M (pru(@r — pr—1) — (1 — pe)ulpe—1 — x)),
(36)
where 7, represents, again, a learning step. Both ¢; and ¢,
have also to be estimated in order to calculate p. This can be
easily accomplished using the sample mean.
In the following, this method will be referred to as Adaptive
Balanced Transmitter (ABT).

VI. NUMERICAL EXPERIMENTS

In this section, we run simulations to compare the per-
formance of the three presented stochastic policies: SAP,
described in Table I; Q-learning; and ABT, given by (36).
A non-selective scheme (NS) is also included as a base-
line and, when possible, the theoretical optimal performance
(OPT), calculated as in Section IV. Three sets of numerical
experiments are simulated. The first one analyzes a single-
hop network with stationary energy harvesting processes.
The second one considers a non-stationary energy harvesting
scenario, where the statistics of the energy refill process vary
in a periodical way. The third one analyzes the behavior of
the developed schemes in multi-hop networks. Although the
algorithms proposed in this paper are not optimal for that case,
the idea is to test their performance and compare it with other
existing alternatives.

To run the experiments we assume that: 1) Nodes have
a way to measure the energy consumed after each deci-
sion. 2) Performance is measured in terms of a sample-
based estimation (V) of the steady-state discounted aggregate
reward received at the destination, and, when possible, it is
compared to the optimal discounted value obtained using (27).
V is calculated as the discounted (y-weighted) sum of the
importance values of the messages received at the sink during
the second half of the simulated horizon. 3) In all experiments,
the value of the reward discount factor v is set to 0.999. 4)
Message importances follow an exponential distribution (with
mean T = 2), which is a sensible approximation for several
practical scenarios, such as monitoring applications, where
most messages are of low importance and a small number of
them (alarms) have a high importance. For the non-harvesting

case, [8] found that these assumptions on the importance
distribution were not very critical, and the main conclusions
there can be extended to this paper too. In any case, neither
ABT nor SAP nor -learning require prior information about
the importance/energy distributions.

A. Single-hop network

1) Stationary energy refill: The first set of examples is
aimed at validating the ABT and SAP schemes. The idea is
to show that they are a good approximation to the optimal
decision rule. In this section, a single-hop (cellular) network
is considered. This allows us to assume that if the energy
available in the battery is greater than that required to transmit
a message, the message is successfully received at the sink. For
this experiment, the learning rate of both adaptive algorithms
is setto gy, = 1/(1+ 6 - k), with 6 < 1 denoting a small
constant. Since all processes are stationary, convergence is
then guaranteed. For each of the schemes, the value of ¢
is selected to maximize the value of V. For the comparison
with @Q-learning, we quantized the importance value into 100
different levels, used a learning rate o« = 0.2 and random
exploration with probability € = 0.1 [10]. The energy refill
values are drawn from a Bernoulli distribution such that the
harvested energy at each slot (if non-zero) is ey = 30 with a
fixed probability of harvesting (the value of the probability will
vary to simulate different harvesting scenarios). Moreover, we
use the cost model in (18) and (19), with cg = 3, ¢ = 5, and
assuming that the message is retransmitted until it is correctly
received (the error probability is set to 0.3). As already pointed
out, by varying the value of the probability of refill, we vary
the value of ¢y and ¢;. The results presented next are obtained
after averaging 100 simulations with different random message
sequences and energy patterns.

Fig. 6 (where the probability of harvesting is 0.3, and
therefore ¢y = —6) confirms the expected behavior: i) the
convergence speed of (J-learning (non parametric, non model-
based) is much slower than that of SAP and ABT; and ii)
within the simulated time horizon (note the logarithmic scale
in the horizontal axis), (Q-learning does not converge to the
optimal solution, mainly because it does not visit some of
the states (hence, the corresponding values of the action-
value function can never be properly estimated). Due to these
limitations, ()-learning will not be included in any other
simulation. It is important to remark that the use of more
complex reinforcement learning algorithms, e.g., based on
function approximation schemes, is likely to perform well in
this class of problems. We consider this an interesting research
direction to be explored in future works.

In Fig. 7, where the probability of harvesting varies from
0.001 to 0.5, we plot the average performance V versus o
for SAP, ABT and NS, together with the optimal performance
(OPT) calculated using (27). It is clear that the SAP scheme
outperforms the ABT scheme for all tested cases. More impor-
tantly, the SAP scheme achieves a performance very similar
to that of the OPT scheme. Fig. 8 shows that the estimated
thresholds are also close to the optimum ones. In case 2),
where ¢) = —9, the energy costs are typically underestimated
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Fig. 6: Comparison between the SAP, ABT, and Q-learning algo-
rithms with learning rate @ = 0.2 and random exploration with
probability € = 0.1.

(due to battery overflows), and consequently the estimation of
the threshold is biased. Nevertheless, the performance of SAP
is almost optimal (cf. Fig. 7).

2000
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Fig. 7: Performance in terms of V of the proposed algorithm com-
pared to the theory for different ¢y values for one node simulation.
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Fig. 8: Estimation of p obtained by the SAP (shaded area) and OPT
(solid and dashed line) schemes for (1) ¢o = —3 and (2) ¢p = —9.
For the approximated p, the average value 20 is shown.

In a nutshell, the simulations validate our approach for the
tested scenarios and demonstrate that the stochastic approx-

imation is able to approximate the correct thresholds and,
consequently, achieves an almost optimal performance.

2) Non-stationary energy refill: Table II shows that, al-
though our derivations assumed that the processes were sta-
tionary, our proposed scheme can be applied to non-stationary
scenarios. Specifically, we simulate a periodic refill for which
Co is positive during some periods of time (when the harvested
energy does not compensate the operating cost) and negative
during others. The actual refill in each slot follows a Bernoulli
distribution with probability 0.3 and with different ey in the
two regimes. This way, we simulate a simplified version of a
number of harvesting devices that have a periodical behavior
with some random component, such as solar energy harvesters.

Since the environment is not stationary, the learning rate
is set to a constant value that trades off convergence rate
and (gradient) noise in “steady state”. In this experiment, we
use 7 = 0.5 for SAP and n = 0.05 for ABT, which are,
respectively, the values that empirically maximize V. The use
of an heuristic rule for stepsize selection in a real application
is an important issue, but it is out of the scope of this paper.

SAP ABT NS
V (mean) | 1188.32 | 947.93 | 68594
V' (std) 3.25 2.39 3.23

TABLE II: Mean and standard deviation of V' achieved by the SAP,
ABT and NS algorithms in a non-stationary environment. Listed
values were obtained by running 200 different simulations.

As already mentioned, the results listed in Table II show
that the benefits of our stochastic approximation schemes also
hold true in the tested non-stationary environment. The time
evolution of the battery load with time in Fig. 9 provides
additional insights. It shows that, when no censoring is applied,
the battery of the node is empty during long periods of time,
leading to a poor performance. On the other hand, the adaptive
balanced transmitter (ABT) is able to keep some small amount
of energy in the battery during the low-refill periods and,
hence, it achieves a better performance. More importantly, the
proposed stochastic approximation method is able to modify
(adapt) rapidly enough the transmission threshold when the
refill pattern changes, so that it always has some battery to
transmit important messages and, hence, it obtains the best
performance.

200

Fig. 9: Battery evolution (across time) of SAP, ABT and NS algo-
rithms in a non-stationary environment.

B. Multi-hop networks
In this section, we test our algorithms in a more complex
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scenario: a multi-hop network with two different topologies.
Fig. 10.(a) represents a random tree topology with a variable
number of nodes, where all messages are routed through the
tree to the root (sink) node, which is assumed to be wired
to a power line. The network tree is randomly constructed
so that for each node of index i, we choose with equal
probability one and only one node of index j (with 7 > 7) to
be connected with. The tree graph can be understood either as
the actual topology of a cycle-free network or as the spanning
tree obtained after running a specific routing protocol to a
network with cycles. On the other hand, Fig. 10.(b) represents
a squared-lattice network with fixed number of nodes. In this
case, the routing to the sink is fixed and computed using
the Dijkstra algorithm. Although the networks simulated are
relatively simple, they are useful to illustrate the interaction
between the censoring strategies across different nodes.

In addition, we consider a success index w; = 1 when the
node is able to transmit the message, consequently the scheme
is suboptimal relative to the maximization of the discounted
aggregated reward of the messages received at the sink. It is
also assumed that all nodes generate messages with the same
probability, so that nodes closer to the sink will handle more
traffic. As in the previous subsection, the importance of the
messages is an exponential i.i.d. process with mean 2.

©
OO0 Y

ojolelo 20303
S

(a) (b)

Fig. 10: Example of network routing topology. All messages are
rooted to sink node 21, which is connected to a power line and has
no battery limitations.

We simulated 6 different scenarios, all of them with fixed
cr and cp, and without channel losses. The harvesting is
random and different harvesting probabilities are considered.
Scenarios 1, 2, and 3 correspond to a tree network [Fig. 10.(a)]
with 20 nodes (scenarios 1 and 2) and 10 nodes (scenario 3).
The harvesting probability is 0.1 for scenario 1, and 0.5 for
2, 3. Scenarios 4, 5, 6 correspond to a grid network of 9
nodes (8 sensors and a sink). In scenarios 4 and 5, the sink
is located at one of the corners, e.g., node 9 in Fig. 10.(b);
while for scenario 6 it is at the center of the grid (node 5 in
Fig. 10.(b)). The harvesting probability is 0.5 for scenario 4
and 0.9 for scenarios 5 and 6. Fig. 11 shows the average of
200 simulations.

The results point out that although the algorithms were
not explicitly designed for multi-hop networks, they achieve
a better performance than that of the tested alternatives. In
fact, the gain of the SAP scheme relative to the ABT scheme
in Fig. 11 is in scenarios 2,4,and 5 much larger than that
observed in the experiments presented in the previous section.
Hence, the combination of the local optimization processes at
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scenarios

Fig. 11: Performance in terms of V of the two proposed algorithms
and the non selective method for 6 different multihop scenarios.

each node has a positive global influence. Although the results
are not comprehensive, they serve as a preliminary validation.
Designing decisions jointly across nodes, accounting for the
costs of exchanging information, or investigating the effect of
interference and medium access control are all aspects worth
analyzing (for example, [29] showed that balanced policies are
suboptimal if interference is present), but they are out of the
scope of the present manuscript and are left as future work.

VII. CONCLUSIONS

In this paper, we designed and analyzed a censoring scheme
for WSNs with harvesting devices. The problem is modeled
using the MDP framework and some assumptions are made in
order to obtain a threshold-based optimal policy. Some insights
about these optimal policies are provided and suboptimal
schemes, based on stochastic approximation, are developed
too. Numerical experiments confirmed the theoretical claims,
showed the benefits of our approach with respect to previous
works, specially when the harvested energy is scarce. Finally,
experiments showed that these schemes perform well even if
some of the assumptions under which they were designed (i.e
stationarity, single-hop networks) do not hold.

Current and future research include accounting explicitly for
multi-hop networks, designing alternative stochastic approxi-
mations schemes, including more complex data and harvesting
models, such as Markov and Generalized Markov Models [30],
rendering the schemes robust to imperfections in the state, and
considering soft-decision schemes [31].

APPENDIX A: PROOF OF THEOREM 1

Using (3), and for s = (e, x),
E{ri|lar = a,sx =s} = axW (e, z) 37

where W (e, z) = E{wi|ex = e, 2 = x}.
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Also, using (2) and taking into account that x; is an i.i.d.
sequence and independent of e (asl), and ¢ is independent
of xj and ey given aj (as2), we have that

E{Vy+(Sgt1)|ar = a,ex, = e,z = x}

=E{V-(¢p(e —ck), vpy1)llax = 1,2 = 2}
=aB{Vz-(¢pp(e —ck), Tt1)|ar = 1}

+ (1 = a)E{V - (pp(e — k), Trt1)lar = 0}. (38)
Joining (6), (37) and (38), and using as3),
Vs (s) = max{azW (e, x) (39)

+ ayE{Vz- (pp(e — k), zhy1)|ar = 1}
+ (1= VE{Vy- (b5(e — i) asa)lar = 0}

Defining the threshold function
p(e) = Y(E{Vr-(pp(e = ck), xpi1)ar = 0}
—E{Vi(¢ple — ck), zpt1)|ar = 1}).

the optimal policy is a* = 7*(e,z) = u(zW(e,z) — pu(e)),
which is equivalent to (7)
Note also that (40) can be written as

Vi (8) =VE{Vz-(pp(e — k), Try1)|ar = 0}
+ (W (e, ) — ule)) ™.

Defining A(e) as in (10), we get (8) and (46).

(40)

(41)

APPENDIX B: TRANSITION PROBABILITY MATRIX

The entries of the transition matrix P for an arbitrary
transmission policy based on a generic threshold function
u(e) [cf. (22)] can be found (using the abbreviated notation
P{jli,...} instead of P{ex = jlex—1 =4,...}) as

po=r fimr= B (1 (5)
+P{jlz‘,xk—1 < v%))} i (VALV%)

A=F,()A-Fx)+(1-F,(i))Fx j=0

=| P,(i—j)1—=Fx)+ Py (i — j)Fx 0<j<

F. (i — B)(1 — Fx) + F. (i — B)Fx j=B
(42)

where P, and P, are the conditional probability mass
functions of ¢ given actions a¢ = 0 and a = 1, respectively, and
F., and F,, the respective cumulative conditional probability
functions. With some abuse of notation, we have abbreviated

Fx = Fx(p(i)/W(i)).

APPENDIX C: DERIVATION OF THE STOCHASTIC
ALGORITHM

Let us first define functions

ale) = E{\(@p(e —cox))} (43)
Ble) = E{M@p(e — cor — Ak))} (44)

The solution (7) of the MDP can then be written as
ar = w(W(ex)zr — v(aler) — Blew))), 45)

Ae) = vale) + E{(W (e, zx)z) — v(ale) — B(e)) T}
(46)

To derive the proposed algorithm as an instance
of the Robbins-Monro algorithm, we represent func-
tions in vector notation. Accordingly, we define A =
(M0),A(1),...,A(B))T, and let w, «, 3 be the corresponding
vectorizations of W(e), a(e) and B(e). We also define the

vector of success indices
we = (u(0—¢),u(l —¢),...,u(B—2¢))T 47)

and the transformation A\’ = T, such that \; = A (i—c)+1-
Then, we can write

W= E{Wco,kJrAk,} (48)
o= IE{TCM)\} 49)
B= E{TCo,k+Ak)‘} (50)
A=y +E{(wz —y(a-B))"} (51)
Now, defining vector
v=(w,al, BT A7) (52)
and matrices
-I 0 0 0
0 -I 0 T
MCO7CI = 0 0 71 TCO (53)
c1
o I o -I
0 O 0 O
0 0 0 O
N, = 0 0 0 0° (54)
zI —I ~I 0

eqgs. (48) to (51) are equivalent to
E {(NIV)Jr + MCO,lanO,kJI’AkV + Wco‘k‘l’Ak} =0 (55)

where W, = (w],07,07,07)T. The Robbins-Monro algo-
rithm that solves (55) then becomes [23]

V41 = Vi + g ((Nkvk)+ + Mvi + Wk) , (56)

which is equivalent to (31)-(34).
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