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ABSTRACT
Stationarity is a cornerstone property that facilitates the analysis and
processing of random signals in the time domain. Although time-
varying signals are abundant in nature, in many practical scenarios
the information of interest resides in more irregular graph domains.
The contribution in this paper is twofold. First, we propose several
equivalent notions of weak stationarity for random graph signals, all
taking into account the structure of the graph where the random pro-
cess takes place. Second, we analyze the properties of the induced
power spectral density along with nonparametric approaches to esti-
mate it, including average and window-based periodograms.

Index Terms— Graph signal processing, Weak stationarity, Pe-
riodogram, Windowing, Power spectral density.

1. INTRODUCTION

The growing interest in network science and big data applications
has prompted the need to extend the existing results in analysis and
processing of time-varying signals to signals supported on graphs
[1,2]. This paper investigates the problem of generalizing the notion
of stationary processes [3,4] to the graph domain [5], along with non-
parametric schemes to estimate their power spectral density (PSD).
We begin by proposing different equivalent definitions of weak sta-
tionarity for graph signals, all taking into account the structure of the
graph where the random process takes place, while inheriting many
of the meaningful properties of the classical definition in the time
domain. A straightforward generalization is not trivial because the
shift (translation) operation in the graph domain is more involved, it
changes the energy of the shifted signal (unless normalized [5]), and
its effect in the frequency domain is more difficult to analyze. With
these considerations in mind, a random process in a graph is said to
be stationary if either its correlation is invariant with respect to a con-
stant number of applications of the graph-shift operator; or, if it can
be modeled as the output of a linear graph filter applied to a white in-
put; or, if the correlation matrix of the process is diagonalized by the
graph Fourier transform (GFT). Under these definitions, notions like
the PSD or results such as the spectral convolution theorem can be
generalized to signals supported on graphs. After showing that sta-
tionary processes are easier to understand in the frequency domain,
we propose and analyze two different methods to estimate the PSD:
average and window-based periodograms. Their estimation perfor-
mance is characterized and differences relative to their time-domain
counterparts are highlighted.

Preliminary results generalizing the definition of stationarity to
graph signals for Laplacian shifts were reported in [5,6]. Our contri-
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bution here is to draw a parallel between the fundamental properties
of stationary stochastic processes in time and stationary processes in
graphs. We also consider general normal shifts, identify properties
hitherto unreported, establish connections with application settings
such as diffusion dynamics, and formulate and evaluate different ap-
proaches for PSD estimation.1

1.1. Graph Signals and Filters

Let G = (N , E) be a directed graph or network with a set of N nodes
N and directed edges E such that (i, j) 2 E implies that node i is
connected to node j. We associate with G the graph-shift operator
S, defined as an N ⇥N matrix whose entry Sji 6= 0 only if i = j or
if (i, j) 2 E [2, 7]. The sparsity pattern of the matrix S captures the
local structure of G. Frequent choices for S are the adjacency matrix
of the graph [2, 7] and its Laplacian [1]. The intuition behind S is to
represent a linear transformation that can be computed locally at the
nodes of the graph. More rigorously, if the set Nl(i) stands for the
nodes within the l-hop neighborhood of node i and the signal y is
defined as y = Sx, then node i can compute yi provided that it has
access to the values of xj at j 2 N1(i). We assume henceforth that
S is normal, so that it can be decomposed as S = V⇤VH with V
being unitary and ⇤ diagonal.
Graph signals: The focus of this paper is not on G, but on graph
signals defined on the set of nodes N . Formally, each of these sig-
nals can be represented as a vector x = [x1, ..., xN ]T 2 RN where
the i-th element represents the value of the signal at node i or, al-
ternatively, as a function f : N ! R, defined on the vertices of
the graph. Given a graph signal x, we refer to x̃ := VHx as the
frequency representation of x, with VH being the GFT [7].
Graph filters: A graph filter is a linear graph-signal operator
H : RN ! RN of the form H :=

PL�1
l=0 hlS

l, where h =
[h0, . . . , hL�1]

T is a vector of L  N scalar coefficients. Graph
filters are then polynomials of degree L � 1 in the graph-shift
operator S [2], which due to the local structure of the shift can
be implemented locally too [8, 9]. It is easy to see that graph fil-
ters are invariant to applications of the shift in the sense that if
y = Hx, it must hold that Sy = H(Sx). Using the factoriza-
tion S = V⇤VH the filter H :=

PL�1
l=0 hlS

l can be rewritten

1Notation: Entries of a vector x are written as xi and entries of a matrix
X as Xij . If needed for clarity we may alternatively write [x]i and [X]ij .
We use X

⇤, XT , and X

H to denote conjugate, transpose, and conjugate
transpose, respectively. For a square matrix X, we use tr[X] for its trace
and diag(X) for an operator returning a vector with the diagonal elements of
X. For a vector x, we let diag(x) denote a diagonal matrix with diagonal
elements diag[diag(x)] = x. The notation x � y denotes the elementwise
product of x and y. We use 0 and 1 for the all-zero and all-one vectors and
ei for the ith element of the canonical basis of RN .



as H = V
�PL�1

l=0 hl⇤
l
�
VH := Vdiag(h̃

�
VH . The N ⇥ 1

vector h̃ is termed the frequency response of the filter. To re-
late the frequency response h̃ with the filter coefficients h let
�k = [⇤]kk be the kth eigenvalue of S and define the N ⇥ N

Vandermonde matrix  with entries  kl = �

l�1
k . Further define

 L as a tall matrix containing the first L columns of  to write
h̃ =  Lh and conclude that the filter can be alternatively written
as H = Vdiag(h̃)VH = Vdiag

�
 Lh

�
VH . This expression im-

plies that if y is defined as y = Hx, its frequency representation
ỹ = VHy satisfies

ỹ = diag
�
 Lh

�
VHx = diag

�
h̃
�
x̃ = h̃ � x̃, (1)

demonstrating that the output at a given frequency depends only on
the value of the input and the filter response at that given frequency.

2. WEAKLY STATIONARY RANDOM GRAPH PROCESSES

To motivate our definition of stationarity, we first analyze the co-
variance matrix of a random process generated when applying a lin-
ear graph filter to a white input. To that end, consider a graph G
with associated shift operator S and suppose that w is a random pro-
cess independent and identically distributed (i.i.d.) taking values on
the nodes of G. If w is zero-mean, its covariance matrix is simply
Cw = E

⇥
wwH

⇤
= �

2
wI.

Suppose now that we have a random process x whose realiza-
tions are generated by applying the graph filter H =

PN�1
l=0 hlS

l

to a realization of w. Then it holds that the mean of that process is
x̄ = E [x] = E [Hw] = Hw̄ = 0 (this assumption will be revisited
in Remark 1) and its covariance Cx is

Cx = E[xxH ] = E[HwwHHH ] = HCwH
H = �

2
wHHH

= �

2
wVdiag(h̃)VHVdiag(h̃⇤)VH ?

= Vdiag(|h̃|2)VH
, (2)

where we assumed that �w = 1 since it can be absorbed into h.
The expression in (2) not only reveals that the color of x is given
by the filter H, but equally important, that the eigenvectors of the
covariance matrix Cx and those of the shift S are the same.

2.1. Definition of Stationarity

Three conditions under which a graph process can be considered
(weakly) stationary are given next.
Definition 1 Given a normal graph-shift operator S, the zero-mean
random process x is said to be weakly stationary in S if it satisfies
any of the following conditions:
a) The process x can be modeled as the output of a linear graph filter
H =

PL
l=0 hlS

l applied to a white input w.
b) Matrices Cx and S are simultaneously diagonalizable.
c) The cross-correlation of the shifted versions of the process satis-
fies E

⇥
[Sax]i[(S

H)bx]Hj
⇤
= E

h
[S(a�c)x]i[(S

H)(b+c)x]j
i

for any
positive integer a, b, and c  a.

It is important to notice that the condition of stationarity is defined
w.r.t. a graph-shift operator S, which is required to be normal. Note
also that b) implies that Cx is diagonalized by the graph Fourier
basis, and that the H operator in c) is not required if S is symmetric.

Proposition 1 Suppose that the eigenvalues of S are distinct, then
the three conditions in Definition 1 are equivalent2.

2Proofs are omitted due to space limitations, but they can be found in [10].

The following corollary further motivates Definition 1 by ana-
lyzing its particularization to the time domain. To that end, let us
consider the directed cycle of size N , which is the support for time-
varying signals. With ((·))N standing for the remainder operation,
the adjacency matrix of the directed graph is given by [Adc]ij = 1
if either i = ((j + 1))N , and [Adc]ij = 0 otherwise. With these
definitions, the application of S = Adc to a signal x corresponds to
the classical (circular) shift in the time domain.

Corollary 1 When x is a random time-varying process, particular-
izing Definition 1 to S = Adc yields the following conditions
a) xt =

PN�1
l=0 hlw((t�l))N , with w being white.

b) Cx is a circulant matrix.
c) E

⇥
xax((�b))N

⇤
= E

⇥
x((a�c))Nx((�b�c))N

⇤
.

In words, when particularized for the regular time grid, Definition
1 is equivalent to the classical definition of weakly stationary time-
varying random processes. Next, we leverage Definition 1 to gener-
alize the concept of PSD to random graph processes.

Definition 2 The PSD of a random process x that is stationary w.r.t.
S = V⇤VH is the nonnegative N ⇥ 1 vector p

p := diag(VHCxV). (3)

Since Cx is diagonalized by V, the definition in (3) corresponds to
the eigenvalues of the positive-semidefinite matrix Cx, which are
always nonnegative. Thus, it holds that Cx = Vdiag(p)VH . Note
also that if x is interpreted as the output of a graph filter applied to
a white input with unitary variance, it also holds that p = | h|2 =
|h̃|2, where h are the filter coefficients. Finally, if convenient for
interpretation purposes, the definition in (3) can be modified so that
the left hand side is multiplied by a 1/N factor.

Before studying properties of the PSD, we provide some repre-
sentative examples of stationary graph processes.
Example 1: White noise. Zero-mean white noise is stationary in
any graph shift S. The PSD of white noise with covariance matrix
E
⇥
wwH

⇤
= �

2I is p = �

21.
Example 2: Covariance matrices. Any random process is station-
ary with respect to: i) the graph shift S = Cx given by its covariance
matrix; and ii) the graph shift S = C�1

x given by its precision ma-
trix. Case i) implies that when G is built as a correlation network the
data (signals) used to construct the graph are stationary in G. Case
ii) is the counterpart when G is built as a partial correlation network.
Example 3: Heat diffusion processes. Suppose that a zero-mean
white input w diffuses through a graph with Laplacian L = V⇤VH

to generate the signal x = ↵0
P1

l=0(↵L)
lw = ↵0(I � ↵L)�1w.

The process x is stationary in the shift S = L with PSD p =
diag[↵2

0(I� ↵⇤)�2] because we can write the covariance matrix as
Cx = ↵

2
0(I�↵L)�2 = V↵

2
0(I�↵⇤)�2VH . In fact, this is a par-

ticular case of a more general category of diffusion processes [11].

2.2. Properties
We start by analyzing the effect of a linear graph filter on the co-
variance matrix and the PSD of a stationary graph random process.

Property 1 Let y be the random process modeling the output of a
linear graph filter H =

PN�1
l=0 hlS

l applied to an input x that is
stationary in S with covariance Cx and PSD px. Then it holds that
process y
a) Is stationary in S with covariance Cy = HCxH

H .
b) Has a PSD py given by py = | h|2 � px = |h̃|2 � px.



Property 2 Let x be a random process than can be modeled as the
output of a linear graph filter H =

PL�1
l=0 hlS

l of degree L � 1
applied to a white input. Then, if the distance between nodes i and
j is greater than 2L� 2, it holds that [Cx]ij = 0, so that xi and xj

are not correlated.
Property 3 Let x be a random stationary process in S = V⇤VH

and x̃ = VHx its frequency representation. Then, it holds that
Cx̃ := E

⇥
x̃x̃H

⇤
� E[x̃]E[x̃]H = diag(p), so that x̃k and x̃k0 are

uncorrelated for k 6= k

0.

Property 1 is the counterpart of the spectral convolution theorem for
graph processes, Property 2 will be useful when designing windows,
and Property 3 provides motivation for the analysis and modeling of
stationary graph processes in the frequency domain which we under-
take in ensuing sections. It also shows that if a process x is stationary
in the shift S = V⇤VH , then the GFT VH provides the Karhunen-
Loève expansion of the process. This is as it should be because Cx

is diagonalized by V.

Remark 1 Definition 1 assumed that the random process x has
mean x̄ := E [x] = 0. In time processes, stationarity implies that
the mean must be constant. This restriction can be incorporated
into our definitions by requiring x̄ = x̄1 for some scalar x̄. This
is possible but it is not difficult to see that for a generic S this re-
striction invalidates (the desirable) Property 1. Alternatively, we can
require x̄ = x̄vk where vk is an arbitrary eigenvector of S. This
choice maintains validity of Property 1. If S is either the adjacency
matrix of the directed cycle or the Laplacian of any graph and we
set vk = 1, the choices coincide. The selection of vk = 1 is
further justified because 1 is the Laplacian eigenvector associated
with smallest total variation [12] and therefore a natural choice for
the notion of DC component.

3. NONPARAMETRIC PSD ESTIMATION

The goal here is to estimate the PSD of a stationary random process
x using as input either one or a few realizations {xr}Rr=1 of x.

3.1. Periodogram and Correlogram

Since Property 3 states that Cx̃ = diag(p) we can write the PSD as
p = E

⇥
|VHx|2

⇤
. This yields a natural approach to estimate p with

the GFT of realizations of x. Thus, compute the GFTs x̃r = VHxr

of each of the samples xr in the training set and estimate p as

p̂pg := 1
R

PR
r=1 |x̃r|2 = 1

R

PR
r=1

��VHxr

��2
. (4)

The estimator in (4) is the analogous of the periodogram of time sig-
nals and is referred as such from now on. Its intuitive appeal is that it
writes the PSD of the process x as the average of the squared magni-
tudes of the GFTs of realizations of x. Alternatively, one can replace
Cx in (3) by its empirical estimate Ĉx = (1/R)

PR
r=1 xrx

H
r and

propose the PSD estimate

p̂cg := diag
�
VHĈxV

�
:= diag

⇥
VH

⇥
1
R

PR
r=1 xrx

H
r

⇤
V
⇤
. (5)

Although different in genesis, it can be shown from their respec-
tive expressions that the periodogram in (4) and the correlogram in
(5) are identical estimates. This is consistent with the equivalence
of correlograms and periodograms in time signals. Henceforth, we
choose to call p̂pg = p̂cg the periodogram estimate of p.

To evaluate the performance of the periodogram estimator in (4)
we asses its mean and variance.

Proposition 2 Let p be the PSD of a process x that is stationary in
the shift S = V⇤VH . Independent samples {xr}Rr=1 are drawn
from the distribution of the process x and the periodogram p̂pg is
computed as in (4). The expectation of the estimator is E [p̂pg] =
p, so that the bias bpg := E [p̂pg] � p is zero. Further de-
fine the covariance matrix of the periodogram estimator as ⌃pg :=
E
⇥
(p̂pg � p)(p̂pg � p)H

⇤
. If the process x is assumed Gaussian,

the covariance matrix3 can be written as⌃pg = (2/R)diag2(p).

As for time signals, the variance of the periodogram is propor-
tional to the square of the PSD. The latter fact is more often ex-
pressed in terms of the mean squared error (MSE), which we define
as MSE(p̂pg) := E

⇥
k(p̂pg � p)k22

⇤
and write as

MSE(p̂pg) = kbpgk22 + tr[⌃pg] = (2/R)kpk22. (6)

3.2. Windowed Average Periodogram
The Bartlett and Welch methods for PSD estimation of time signals
utilize windows to, in effect, generate multiple samples of the pro-
cess even if only a single realization is given [4, Sec. 2.7]. These
methods reduce variances of PSD estimates but introduce some bias.
The purpose of this section is to define counterparts of windowing
methods for PSD estimation of graph signals.

Consider then a bank of M windows W = {wm}Mm=1, with
kwmk22 = k1k22 = N for all m, and use each of the windows wm

to construct the windowed signal4 xm := diag(wm)x . We estimate
the PSD p with the windowed average periodogram

p̂W := 1
M

PM
m=1

��VHxm

��2= 1
M

PM
m=1

��VHdiag(wm)x
��2
. (7)

The estimator p̂W is reminiscent of the periodogram in (4). The dif-
ference is that in (4) the R signals xr are independent observations
whereas in (7) the M signals xm are all generated through multi-
plications with the window bank W . This means that: (i) There is
some distortion in the windowed periodogram estimate because the
windowed signals xm are used in lieu of x. (ii) The different sig-
nals xm are correlated with each other and the reduction in variance
resulting from the averaging operation in (7) is less significant than
the reduction in variance that we observe in Proposition 2.

To study these effects we define the frequency counterpart of the
windowing operator diag(wm) as W̃m := VHdiag(wm)V (so that
x̃m = W̃mx̃) and the power spectrum mixing matrix of windows m
and m

0 as the componentwise product

W̃mm0 := W̃m � W̃⇤
m0 . (8)

We use these matrices to give expressions for the bias and covariance
of the estimator in (7) in the following proposition.

Proposition 3 Let p be the PSD of a process x that is stationary
with respect to the shift S = V⇤VH . A single observation x is
given along with the window bank W = {wm}Mm=1 and the win-
dowed average periodogram p̂W is computed as in (7). The expec-
tation of the estimator p̂W is

E [p̂W ] = 1
M

PM
m=1 W̃mmp. (9)

3To help readability, the expressions for the covariance in Propositions 2
and 3 assume symmetric shifts. The expressions for normal, not necessarily
symmetric, shifts are given in [10].

4Abusing notation, in this section x will also be used to denote a realiza-
tion of the process x.
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Fig. 1: Normalized MSEs (NMSEs) averaged over 100 realizations. (a) Periodogram with Gaussian (top) and non-Gaussian (bottom) inputs.
(b) Theoretical and empirical NMSE for different window strategies. (c) NMSE as a function of the number of local and random windows.

Equivalently, p̂W is biased with bias bW := E [p̂W ] � p. Fur-
ther define the covariance matrix of the windowed periodogram as
⌃W := E

⇥
(p̂W � E [p̂W ])(p̂W � E [p̂W ])H

⇤
. If the process x is

assumed Gaussian, the trace of the covariance matrix can be written
as tr[⌃W ] = 2

M2

PM
m=1,m0=1 tr

h�
W̃mm0p

��
W̃mm0p

�Hi
.

Window design. The overall MSE is given by the squared bias
norm summed to the trace of the covariance matrix,

MSE(p̂W) = kbWk22 + tr[⌃W ]. (10)

The expression in (10) can be used to design windows with mini-
mum MSE. The problem is challenging because the MSE depends
on the unknown PSD, the entries wm may be binary, and the cost
is a fourth-order polynomial. An alternative approach to design the
window bank W is to exploit the local properties of the random pro-
cess x. As stated in Property 2, some stationary processes are ex-
pected to have correlations with local structure. It is then reasonable
to expect that, e.g., designing windows as outputs of clustering al-
gorithms could perform well since windows without overlap capture
independent information that results in a reduction of the cross terms
in tr[⌃W ] (cf. Proposition 3).

4. NUMERICAL EXPERIMENTS

We begin by evaluating the estimation performance of the average
periodogram [cf. (4) and (6)] as a function of R, the number of real-
izations observed. Consider a baseline Erdős-Rényi (ER) graph with
N = 100 nodes and edge probability p = 0.05 [13]. We define its
adjacency matrix as the shift and generate signals by filtering white
Gaussian noise with a filter of degree 3. In this case, the normalized
MSE equals 2/R [cf. (6)] as can be corroborated in Fig. 1a (top). To
further confirm this result, we consider three variations of the base-
line setting: i) a smaller ER graph with N = 10 nodes and p = 0.3,
ii) a small-world graph [14] obtained by rewiring with probability
q = 0.1 the edges in a regular graph of the same size as the baseline
ER, and iii) filtering the noise with a longer filter of degree 6. As
expected, Fig. 1a (top) indicates that the normalized MSE is inde-
pendent of these variations. We then repeat the above setting but for
signals generated as filtered versions of non-Gaussian white noise
drawn from a uniform distribution of unit variance. Even though the
MSE expression in (6) was shown for Gaussian signals, we observe
that in the tested non-Gaussian setup the evolution of the MSE with
R is very similar; see Fig. 1a (bottom).

The second experiment evaluates the performance of window-
based estimators. We first consider graphs generated via a stochastic
block model [15] with N = 100 nodes and 10 communities with 10

nodes each. The edge probability within each community is p = 0.9,
while the probability for edges across communities is q = 0.1. We
design rectangular non-overlapping windows where the nodes are
chosen following two strategies: i) M = 10 local windows corre-
sponding to the 10 communities, and ii) M = 10 windows of equal
size with randomly chosen nodes. We use the Laplacian as shift and
generate the graph process using a filter with L = 2 coefficients.
Fig. 1b shows the theoretical and empirical normalized MSE for the
two designs as well as that of the periodogram (single window). We
first observe that the periodogram has no bias and that the theoreti-
cal and empirical errors coincide for the three cases, validating the
results in Propositions 2 and 3. Moreover, we corroborate that win-
dowing contributes to reduce the variance of the estimator. Fig. 1b
also illustrates that windows that leverage the community structure
of the graph yield a better estimation performance. To gain insights
on the latter observation, we now consider a small-world graph of
size N = 100 obtained by rewiring with probability q = 0.05 a
regular graph where each node has 10 neighbors. Both local and
random windows are considered, where the local windows are ob-
tained by cutting the dendrogram obtained when applying complete
linkage clustering [16, 17] to a metric space given by the shortest
path distances between nodes. The windows are tested for graph
processes generated by two filters of different degrees: i) L = 2,
modeling a localized graph process, and ii) L = 10. In Fig. 1c we
illustrate the performance of local and random windows in these two
settings as a function of M . We first observe that as M increases,
the error first decreases until it reaches an optimal point after which it
starts to increase. Intuitively, this indicates that at first the reduction
in variance outweighs the increase in bias but, after some point, the
marginal variance reduction when adding one extra window does not
compensate the detrimental effect on the bias. Moreover, it can be
seen that local windows outperform the random ones, especially for
localized graph processes (L = 2). These findings are consistent for
other types of graphs, although for graphs with a weaker clustered
structure the benefits of local windows are less conspicuous.

5. CONCLUSION

Three equivalent ways of generalizing the notion of stationarity to
graph processes were proposed. Under these definitions, the cor-
relation of a stationary process was shown to be diagonalized by
the Graph Fourier basis. This led naturally to the consideration of
power spectral density for graph signals, along with methods to es-
timate it from a set of realizations. The focus here was on general-
izing nonparametric spectral estimation methods (including average
and window-based periodograms) and characterizing their estima-
tion (bias and variance) performance.
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