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Abstract—Orthogonal frequency-division multiplexing
(OFDM) is the most popular modulation in modern wireless
communication systems. Among other features, OFDM has
been able to successfully exploit channel state information (CSI)
at the transmitter, allowing to implement dynamic resource
allocation schemes that improve spectral efficiency and error
resilience. Nevertheless, in most wireless communication systems
achieving a perfect CSI at the transmitter is difficult. For this
reason a limited-rate feedback mode has been proposed, in
which only quantized CSI at the transmitter is available. In
this paper we design joint channel quantization and resource
allocation schemes for single-user OFDM systems, that use
limited-rate feedback and do not assume any structure on
the channel quantizer. The new schemes are obtained by
solving an optimization problem that maximizes average ergodic
rate subject to average power and bit error rate constraints.
Necessary optimality conditions for the quantization and
resource allocation schemes are derived and algorithms to
find a solution satisfying such conditions are discussed. Since
finding the overall global optimal solution is computationally
cumbersome, suboptimal yet simple schemes are also explored.
Three simplifications are investigated, namely: a worst-case
robust design that reduces the dimensionality of the problem;
optimal and provably convergent stochastic schemes that catch
the average behavior of the system on-the-fly; and schemes
that reduce the amount of feedback required from the receiver
by exploiting the channel correlation among subcarriers.
The signalling and computational costs associated to the
implementation of the developed schemes and their extension to
multiple user systems are also discussed. Numerical examples
corroborate analytical claims and reveal that significant gains
result even when suboptimal schemes based on affordable
limited-rate feedback are used.

Index Terms—OFDM, optimization methods, stochastic opti-
mization, limited-rate feedback, resource management.

I. INTRODUCTION

ORTHOGONAL frequency-division multiplexing
(OFDM) offers a low complexity yet very efficient

solution for inter symbol interference and bandwidth limited
transmissions over frequency-selective multipath channels [1].
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It is well known that spectral efficiency and error resilience
in wireless OFDM systems improve with the knowledge of
channel state information (CSI) at the transmitter (CSIT).
Consequently, numerous schemes that rely on perfect (P-)
CSIT have been proposed in the literature to optimize the
performance of OFDM systems, typically by maximizing
capacity or minimizing bit error rate (BER) [2].

Unfortunately, wireless channel variations, estimation er-
rors, and feedback delay render the acquisition of P-CSIT
difficult [3], [4]. These considerations motivated the devel-
opment of a limited-rate feedback (LRF) mode, where only
quantized (Q-) CSIT is available through a (typically small)
number of bits that are fed back from the receiver; see e.g., [5]
and [6]. Q-CSIT entails a finite number of quantization regions
describing different clusters of channel realizations [7], [8].
Firstly, the receiver estimates the channel and feeds back the
index of the region that the current channel realization belongs
to (channel codeword). Then, based on this codeword, the
transmitter adapts its transmission parameters (here power and
rate) accordingly. From a practical perspective LRF modes are
welcome because a finite feedback link is affordable in most
wireless systems, and because the Q-CSIT is robust to channel
uncertainties. The latter is true because transmitters in LRF
modes do not use an analog value (which can never be exact)
to adapt their transmission, but the index of the region the
channel falls into. Prompted by these LRF features, several
authors have investigated the problem of efficient OFDM
resource allocation based on Q-CSIT; see e.g., [9], [10], [11],
[12], [7], [13], [14], [15]. A recent survey about the design of
LRF in wireless systems can be found in [16].

In general, these authors deal with the optimization of
power, rate or BER performance per OFDM symbol. Without
assuming any structure on the channel quantizer, in this paper
we jointly design quantization and power and rate allocation
schemes that based on Q-CSIT, optimize the average transmit-
rate subject to average power and BER constraints. Averaging
in the optimization problem is relevant because it gives rise
to schemes amenable to practical implementation. Developed
schemes operate in two phases: (i) an off-line phase that is car-
ried before communication starts and where several parameters
that are later used to allocate resources are computed; and (ii)
an online phase that takes place during communication and
where the transmitter uses the parameters computed during
the off-line phase and the Q-CSIT fed back by the transmitter
to allocate resources. Since our formulation involves average
variables, the computational burden takes place during the
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Fig. 1. System block diagram.

initialization (off-line) phase and requires a negligible burden
during the transmission (online) phase, which is certainly wel-
come from an implementation perspective. The minimization
of the average transmit-power in a setup with multiple users
under more restrictive conditions than those in this paper has
been recently investigated in [17].

With an eye on practicality, together with the optimal
schemes we are also interested in algorithms with small
computational burden. We will propose new simplified designs
and adapt others existing in the literature ([7], [17], [18], [19]),
giving rise to reduced-complexity schemes whose performance
is very close to the optimal one. To achieve these goals,
we will rely on optimization theory, vector quantization, and
stochastic approximation tools.

The rest of the paper is organized as follows. After introduc-
ing preliminaries on the setup (Section II), we formulate the
average rate-efficient OFDM optimization problem based on
LRF and derive optimality conditions for the channel quantizer
and power and rate loading policies (Section III). Suboptimal
schemes that reduce the computational complexity required for
both designing the channel quantizer and the power and rate
loadings (Section IV) are also investigated. Different strategies
aiming at reducing the amount of feedback required to im-
plement the adaptive schemes are reviewed (Section V), and
several issues regarding practical implementation are briefly
discussed (Section VI). Numerical results and comparisons
that corroborate our claims are presented (Section VII), and
concluding remarks wrap up this paper (Section VIII).1

II. PRELIMINARIES

As illustrated in Fig. 1, we consider wireless OFDM
transmissions over 𝐾 subcarriers through frequency-selective

1Notation: Lower and upper case boldface letters are used to denote
(column) vectors and matrices, respectively; (⋅)𝑇 denotes transpose; [⋅]𝑘,𝑙
the (𝑘, 𝑙)th entry of a matrix, and [⋅]𝑘 the 𝑘th entry of a vector; X ≥ 0
means all entries of X are nonnegative; F𝑁 stands for the normalized FFT
matrix with entries [F𝑁 ]𝑛,𝑘 = 𝑒−𝑗 2𝜋

𝑁
𝑘𝑛, 𝑛, 𝑘 = 0, . . . , 𝑁 − 1; 𝑓X(X)

denotes the joint probability density function (PDF) of matrix X; likewise,
𝑓𝑥(𝑥) denotes the PDF of a scalar 𝑥; 𝔼X[⋅] stands for the expectation operator
over X; ⌊⋅⌋ (⌈⋅⌉) denotes the floor (ceiling) operation; 𝑥∗ the optimal value
of variable 𝑥; and [𝑥]+ stands for max(0, 𝑥).

fading channels with discrete-time baseband equivalent im-
pulse response taps {ℎ𝑛}𝑁𝑛=0, where 𝑁 denotes the channel
order (i.e., the maximum delay spread divided by the time
symbol is equal to 𝑁 ). Initially, a serial stream of data bits
is de-multiplexed to form 𝐾 parallel streams indexed by
𝑘 = 1, . . . ,𝐾 . Defining p and r as non-negative 𝐾 × 1
vectors, the 𝑘th stream is next multiplied by a constant to load
instantaneous power [p]𝑘, and properly coded and modulated
to give rise to an instantaneous transmit rate [r]𝑘 .

Once the proper set of operations are performed at both
transmitter and receiver sides (Fast Fourier Transform -FFT-,
cyclic prefix, multiplexing, digital to analog conversion, etc.),
the multipath fading frequency-selective channel is converted
into a set of 𝐾 parallel flat-fading subchannels each with
fading coefficient given by the FFT (see e.g., [1]): 𝐻𝑘 =
(1/

√
𝐾)
∑𝐾−1

𝑛=0 ℎ𝑛𝑒−𝑗 2𝜋
𝐾 𝑘𝑛, where 𝐾 is typically chosen so

that 𝐾 ≫ 𝑁 . Channel estimation at the receiver relies on
periodically inserted training symbols. When the channel is
estimated, the receiver has available a noise-normalized chan-
nel gain vector g := [∣𝐻1∣2/𝜎2

1 , . . . , ∣𝐻𝐾 ∣2/𝜎2
𝐾 ]𝑇 , where 𝜎2

𝑘

is the variance of the zero-mean additive white Gaussian noise
(AWGN) in the 𝑘th subcarrier. While each realization of the
gain vector g constitutes the P-CSI, in Q-CSI approaches the
domain of g is divided into 𝐿 different regions {퓡𝑙}𝐿𝑙=1 and
only the specific region where the current channel realization
falls into is known. Different criteria have been proposed
in the literature for efficiently defining these regions, some
of which will be later summarized. Once the criterion is
selected, the corresponding {퓡𝑙}𝐿𝑙=1 can be obtained and sent
to both transmitter and receiver. After that point, only an
index identifying the active region needs to be fed back from
the receiver to the transmitter. Defining 𝐵 := ⌈log2(𝐿)⌉, we
denote by c = c(g) the 𝐵×1 vector of bits used as the index
of the region the current channel realization falls into. Clearly,
c is the piece of information that must be fed back from the
receiver to the transmitter in Q-CSIT based OFDM schemes.

The ultimate goals of this paper are to properly design a
channel quantizer to obtain c; and given c(g), to find the
appropriate allocation (loading) vectors p(c) and r(c). Since
c can take 𝐿 different values (one per region), 𝐿 different
power and rate loadings need to be designed. Specifically, r𝑙
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and p𝑙 are used to denote, respectively, the non-negative 𝐾×1
rate and power vectors to be loaded when the 𝑙th region is
active (i.e., when g ∈ 퓡𝑙). It is important to emphasize that
so far no structure, neither for the channel quantizer nor for
the rate-power codebook, has been assumed. With an eye on
practicality, Sections IV and V will discuss low complexity
quantizers which presume an underlying structure.

To proceed with the design, the following assumptions will
be considered:
(as1) Regions remain invariant over at least two consecutive
OFDM symbols.
(as2) The feedback channel is error-free and incurs negligible
delay.
(as3) The instantaneous BER function per subcarrier denoted
by 𝜖([p]𝑘, [r]𝑘, [g]𝑘) is jointly convex with respect to (w.r.t.)
[p]𝑘 and [r]𝑘.

Assumption (as1) allows each subchannel to vary from
one OFDM symbol to the next so long as the quantization
region in which it falls remains invariant; error-free feedback
under assumption (as2) is easily guaranteed with sufficiently
strong error control codes, especially since data rates in the
feedback link are typically low; and assumption (as3) will help
the development of efficient algorithms and holds for many
practical situations. An example of BER function satisfying
(as3) is

𝜖([p]𝑘, [r]𝑘, [g]𝑘) =𝜅1 exp
(
−𝜅2[p]𝑘[g]𝑘/(2

[r]𝑘 − 1)
)
,

[g]𝑘 > (2[r]𝑘 − 1)/[p]𝑘;
(1)

where the constants 𝜅1 and 𝜅2 depend on the specific modula-
tion and code implemented. The accuracy of (1) for (un)coded
QAM modulations is widely accepted; see, e.g., [20].

III. OPTIMAL DESIGN

A. Problem Formulation

The first step to formulate the optimization problem is
to find the expressions for the average transmit-rate 𝑟 and
transmit-power 𝑝 over all subcarriers. Since p𝑙 and r𝑙 are2 the
instantaneous power and rate values that the system will load
when g ∈ 퓡𝑙, the expressions for 𝑟 and 𝑝 are:

𝑟 :=

𝐾∑
𝑘=1

𝔼g[[r𝑙(g)]𝑘] =

𝐾∑
𝑘=1

𝐿∑
𝑙=1

𝔼g∈퓡𝑙
[[r𝑙]𝑘] Pr{g ∈ 퓡𝑙}

=

𝐾∑
𝑘=1

𝐿∑
𝑙=1

[r𝑙]𝑘 Pr{g ∈ 퓡𝑙} (2)

𝑝 :=

𝐾∑
𝑘=1

𝔼g[[p𝑙(g)]𝑘] =

𝐾∑
𝑘=1

𝐿∑
𝑙=1

𝔼g∈퓡𝑙
[[p𝑙]𝑘] Pr{g ∈ 퓡𝑙}

=
𝐾∑

𝑘=1

𝐿∑
𝑙=1

[p𝑙]𝑘 Pr{g ∈ 퓡𝑙}. (3)

Our goal is to maximize 𝑟, subject to an average power con-
straint. Specifically, we want to constrain the average power
across all subcarriers, i.e., 𝑝 ≤ 𝑝0. Additionally, to put into
practice power spectral masks we constrain the instantaneous

2The subscript 𝑙 here will be also written explicitly as 𝑙(g) in places that
this dependence must be emphasized.

power transmitted on subcarrier 𝑘, [p𝑙]𝑘 ≤ 𝑝max
𝑘 . Note that the

constraint is different for each 𝑘 because spectral masks may
vary depending on the frequency of operation. Moreover, we
also impose a maximum average BER 𝜖0 for our system, and
for this purpose, the average BER per subcarrier3 and region
needs to satisfy 𝔼g∈퓡𝑙

[𝜖([p𝑙]𝑘, [r𝑙]𝑘, [g]𝑘)] ≤ 𝜖0 ∀𝑘, 𝑙.

Analytically, the constrained optimization problem we aim
to solve is:

⎧⎨
⎩

max
{p̌𝑙},{r𝑙},{퓡𝑙}

𝑟, where 𝑟 :=
∑𝐾

𝑘=1 𝔼g[[r𝑙(g)]𝑘]

subject to : 𝐶1.
∑𝐾

𝑘=1 𝔼g[[p𝑙(g)]𝑘] ≤ 𝑝0,

𝐶2. 𝔼g∈퓡𝑙
[𝜖([p𝑙]𝑘, [r𝑙]𝑘, [g]𝑘)] ≤ 𝜖0, ∀𝑘, 𝑙,

𝐶3. 0 ≤ [p𝑙]𝑘 ≤ 𝑝max
𝑘 , ∀𝑘, 𝑙

𝐶4. [r𝑙]𝑘 ≥ 0, ∀𝑘, 𝑙.
(4)

The objective in (4) is to maximize the average rate over all
possible channel realizations. However, the constraints involve
different forms of CSI: 𝐶1 is an average requirement; 𝐶2
pertains to an average per region; 𝐶3−𝐶4 need to be satisfied
per region 𝑙 and subcarrier 𝑘. Even though constraint 𝐶1
ensures that the average power does not exceed 𝑝0, it does
not impose any limit on the instantaneous power transmitted
during an OFDM symbol,

∑𝐾
𝑘=1[p𝑙(g)]𝑘, which is allowed to

vary in time. As for the instantaneous upper bound in 𝐶3, it
imposes power spectral mask constraints in every region.

In the following subsection, we will derive the Karush-
Kuhn-Tucker (KKT) conditions associated with (4). These will
not only lead us to the expressions determining the optimal
loading variables but will also provide valuable insights on the
structure of the rate-efficient resource allocation policies. But
before presenting the KKT conditions, the following remark
on the formulation of the optimization problem is in order.

Remark 1: Optimization throughout this paper is carried out
for continuous-rate (CR) loadings. Although the hardware
complexity for implementing CR modulation and coding
schemes is higher than the required for discrete-rate (DR)
loadings [20], optimizing CR loadings is analytically more
convenient and leads to a higher rate efficiency. Furthermore,
for systems that implement DR loadings, the CR solution
not only offers intuition and useful guidelines for the DR
design, but also can be transformed into a a DR loading using
algorithms available in the literature; see, e.g., [21].

B. Optimality Conditions

We will start by considering the optimization problem (4)
constrained to 𝐶1 and 𝐶2 alone, and then include constraints
𝐶3 and 𝐶4. Let 𝛽𝑝 and 𝛽𝜖

𝑘,𝑙 denote the non-negative Lagrange
multipliers associated with 𝐶1 and 𝐶2, respectively. The

3The latter constraint is imposed for every subcarrier because: i) it will
reduce the coupling among the variables to optimize and ii) it will not entail
a significant loss of optimality (see, e.g., [17] for additional comments on this
issue).
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Lagrangian of (4) can be written as:

ℒ(𝛽𝑝, {𝛽𝜖
𝑘,𝑙}, {p𝑙}, {r𝑙}, {퓡𝑙}) =

𝐾∑
𝑘=1

𝔼g[[r𝑙(g)]𝑘]− 𝛽𝑝

(
𝐾∑

𝑘=1

𝔼g[[p𝑙(g)]𝑘]− 𝑝0

)

−
𝐾∑

𝑘=1

𝐿∑
𝑙=1

𝛽𝜖
𝑘,𝑙 (𝔼g∈퓡𝑙

[[r𝑙]𝑘𝜖([p𝑙]𝑘, [r𝑙]𝑘, [g]𝑘)]− 𝜖0) .

(5)

Based on the previous notation, the KKT conditions associated
with the rate and power loadings dictate that at the optimal
solution (remember that 𝑥∗ denotes the optimal value of 𝑥):

Pr{g ∈ 퓡∗
𝑙 }

− 𝛽𝜖∗
𝑘,𝑙𝔼g∈퓡∗

𝑙

[
∂𝜖([p∗

𝑙 ]𝑘, [r
∗
𝑙 ]𝑘, [g]𝑘)

∂[r𝑙]𝑘

]
= 0, ∀𝑘, 𝑙,

(6)

− 𝛽𝑝∗ Pr{g ∈ 퓡∗
𝑙 }

− 𝛽𝜖∗
𝑘,𝑙𝔼g∈퓡∗

𝑙

[
∂𝜖([p∗

𝑙 ]𝑘, [r
∗
𝑙 ]𝑘, [g]𝑘)

∂[p𝑙]𝑘

]
= 0, ∀𝑘, 𝑙.

(7)

Note that if 𝛽𝑝∗, 𝛽𝜖∗
𝑘,𝑙 and 퓡∗

𝑙 , were known, [r∗𝑙 ]𝑘 and [p∗
𝑙 ]𝑘

could be easily found using an ellipsoid search (remember
that the BER in convex w.r.t. the power and rate loadings,
so that the derivatives in (6) and (7) are monotonic). On the
other hand, 𝐶3 and 𝐶4 impose that 0 ≤ [p𝑙]𝑘 ≤ 𝑝max

𝑘 and
[r𝑙]𝑘 ≥ 0 ∀(𝑙, 𝑘). Even though it can be rigorously deduced
from the KKT conditions associated with 𝐶3 and 𝐶4, it is not
difficult to see that if the solution of (6) and (7) does not satisfy
the requirements in 𝐶3 and 𝐶4, in order to find the optimal
feasible solution it suffices to project the unfeasible solution
into the constrained set (e.g., by setting to zero negatives
entries of r∗𝑙 and p∗

𝑙 ).
The KKT conditions associated with 𝐶1 and 𝐶2 (also

known as complementary slackness conditions [22]) dictate
that

𝛽𝑝∗ ×
(

𝐾∑
𝑘=1

𝔼g[[p
∗
𝑙(g)]𝑘]− 𝑝0

)
= 0 (8)

𝛽𝜖∗
𝑘,𝑙 ×

(
𝔼g∈퓡∗

𝑙
[𝜖([p∗

𝑙 ]𝑘, [r
∗
𝑙 ]𝑘, [g]𝑘)]− 𝜖0

)
= 0 ∀𝑘, 𝑙. (9)

In words, the optimum solution is such that either the
constraints are met with equality or the corresponding La-
grange multipliers are zero. It is not difficult to show that if∑𝐾

𝑘=1 𝑝max
𝑘 > 𝑝0, then the optimum Lagrange multipliers 𝛽𝑝∗

and {𝛽𝜖∗
𝑘,𝑙} are non-zero and therefore the constraints in 𝐶1

and 𝐶2 are met with equality.
In order to obtain the optimal quantization regions, we

capitalize on the separable structure of the Lagrangian in (5).
This can be done without assuming any a priori structure for
the quantization regions. First, let us define the reward 𝜑∗

𝑙 (g)
of assigning realization g to region 𝑙 as

𝜑∗
𝑙 (g) :=

𝐾∑
𝑘=1

[r∗𝑙(g)]𝑘 − 𝛽𝑝∗
𝐾∑

𝑘=1

[p∗
𝑙(g)]𝑘

−
𝐾∑

𝑘=1

𝛽𝜖∗
𝑘,𝑙𝜖([r

∗
𝑙(g)]𝑘, [p

∗
𝑙(g)]𝑘, [g]𝑘).

(10)

Additionally, using the definition in (10), the Lagrangian can
be decomposed across channel realizations and regions as ℒ =

(
∑𝐿

𝑙=1 𝔼g∈퓡𝑙
{𝜑𝑙(g)})+ (𝛽𝑝𝑝0 +

∑𝐿
𝑙=1

∑𝐾
𝑘=1 𝛽𝜖

𝑘,𝑙𝜖0), where
the second term does not depend on 퓡𝑙. It is clear then that
in order to maximize ℒ, each channel realization g has to be
assigned to the region which entails a higher reward, yielding

퓡∗
𝑙 = {g : 𝜑∗

𝑙 (g) > 𝜑∗
𝑙′(g) ∀𝑙′ ∕= 𝑙}, ∀𝑙. (11)

More, since 𝜑∗
𝑙 (g) is monotonic w.r.t. [g]𝑘 (and this is true

because the BER is strictly decreasing w.r.t. [g]𝑘), the optimal
regions in (11) can be equivalently represented by continuous
boundaries in the g domain (ℝ𝐾).

Therefore, in order to decide in which region a channel
realization g falls into, the reward in (10) is evaluated for
every 𝑙 and the the region is selected according to (11), so
that the reward is maximized. Note that to carry out this task,
there is no need for defining any quantization region structure,
but instead, only the values of p∗

𝑙 , r
∗
𝑙 and {𝛽𝜖∗

𝑘,𝑙}𝐾𝑘=1 ∀𝑙 are
required. It is worth emphasizing that the definition of 𝜑𝑙(g)
has not been previously assumed, but instead it emerged from
the Lagrangian of (4). In other words, the regions in (11) have
been derived from the generic optimization problem. This is a
significant difference from most works in the literature, where
either the structure for the channel quantizer, or the value of
퓡𝑙 itself, are assumed beforehand.

C. Finding a Local Optimum

Since the problem in (4) is not convex, KKT conditions
are necessary but not sufficient. This implies that to find the
overall global optimum, all the solutions of (6)-(11) have to
be found and then the one that achieves the higher average
transmitted rate 𝑟 needs to be selected. Unfortunately, from a
complexity perspective there is not an efficient way to find all
the solutions of (6)-(11). In fact (4) can be cast as a vector
constrained quantization problem, which is highly non-convex
and typically NP-hard [23].

An approach to deal with quantization problems is to
implement a block coordinate ascend method [24], which is
a method widely used to find local optimums of non-convex
problems. The block coordinate ascend method proceeds into
two phases. First, the values of some variables (here regions)
are considered to be given and based on them, the values
of the remaining variables (here rate and power) are found.
Second, the values of the updated variables (rate and power)
are considered to be given and based on them, the values of
the remaining variables (regions) are optimally found. If these
two phases are iterated, convergence to a stationary point is
guaranteed.

Had the constraints in (4) not been present, this method
would correspond to the well-known Lloyd Algorithm [25]
with a distortion metric −𝑟 (the minus sign is because here we
aim to maximize 𝑟, which amounts to minimize −𝑟). Several
options are possible to account for the constraints in (4). One
of them is to use the −ℒ in (5) as a distortion metric; see,
e.g., [8], [17]. The major drawback of this approach is that an
exhaustive (𝐾𝐿+1) dimensional search to find the Lagrange
multipliers has to be implemented. Another option is to satisfy
the constraints at every phase of the ascend method. This way,
at every iteration two phases are implemented: a) in phase
1, problem in (4) is solved w.r.t. {p𝑙}𝐿𝑙=1 and {r𝑙}𝐿𝑙=1 with
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{퓡𝑙}𝐿𝑙=1 given from the previous iteration and b) in phase
2, problem in (4) is solved w.r.t. {퓡𝑙}𝐿𝑙=1 with {p𝑙}𝐿𝑙=1 and
{r𝑙}𝐿𝑙=1 given from phase 1. The problem in phase 1 is convex
and therefore, easy to solve. However, a major drawback of
this option is that problem in phase 2 is still non-convex and
difficult to solve.

To find a point satisfying the KKT conditions without
incurring a high computational complexity, we propose next a
modified version of the latter algorithm. The main idea is that
the optimum calculation of the quantization regions in phase 2
is replaced with the optimality conditions in (10) and (11). To
be specific, during phase 1, the regions are considered fixed
and problem in (4) is solved only w.r.t. power and rate loadings
using a dual approach. During phase 2, the rates, powers, and
Lagrange multipliers obtained in phase 1 are substituted into
(10) and (11) to get the quantization regions. Phase 1 and
phase 2 are iterated until convergence occurs. If the previous
algorithm converges (which is not always guaranteed), it will
converge to a point satisfying the KKT conditions. Note also
that the complexity of each of the phases is small since
problem in phase 1 is convex and problem in phase 2 is solved
using (10) and (11).

Regarding the solution of the problem in phase 1, it is
important to keep in mind that a dual method has to be
used. This is because the Lagrange multipliers are needed to
obtain the channel quantizer using (10) and (11). The literature
provides different methods that numerically search for the
optimal values of the Lagrange multipliers. A successful
one is the method of the multipliers [24], which relies on
the fact that constraints 𝐶1 and 𝐶2 are always active and
therefore 𝛽𝑝 and 𝛽𝜖

𝑘,𝑙 are calculated so that the constraints
are satisfied as equality. For the problem at hand, if 𝜷 :=
[𝛽𝑝, 𝛽𝜖

1,1, 𝛽
𝜖
1,2, . . . , 𝛽

𝜖
𝐾,𝐿−1, 𝛽

𝜖
𝐾,𝐿]

𝑇 denotes a (𝐾𝐿 + 1) × 1
vector collecting all the Lagrange multipliers, 𝑖 stands for
iteration index, and 𝜇(𝑖) represents a non-increasing step-size,
then the Lagrange multipliers are updated in the form

𝜷(𝑖 + 1)𝑇 = [𝜷(𝑖)𝑇 + 𝜇(𝑖)Δ(𝜷(𝑖))𝑇 ]+; (12)

where each entry of Δ(𝛽(𝑖)) corresponds to the violation of
the respective constraint when 𝜷(𝑖) is used as the optimum
value of the Lagrange multipliers, i.e.

[Δ(𝜷∗)]𝑛 =
𝐾∑

𝑘=1

𝔼g[[p𝑙(g)(𝜷
∗)]𝑘]− 𝑝0, 𝑛 = 1, (13)

[Δ(𝜷∗)]𝑛 = 𝔼g∈퓡𝑙
[𝜖 ([p𝑙(𝜷

∗)]𝑘, [r𝑙(𝜷∗)]𝑘, [g]𝑘)]− 𝜖0,

𝑛 = (𝑘 − 1)𝐿+ 𝑙 + 1.
(14)

We refer the reader to [24, Chapter 4] for a more detailed
explanation of this method. It can be shown that for a broad
range of stepsizes the iteration in (12) converges to a point
for which the constraints are satisfied with equality (which is
the overall global optimum if the original problem is strictly
convex).

According to this discussion, we next outline the steps of
an algorithm that can be implemented to find a feasible yet
suboptimum solution.

Algorithm 1: Joint Resource Allocation and Quantization (JRAQ)

(S1.0) Let 𝑖 be an iteration number, 𝐼 be the maximum number of
iterations. For 𝑖 = 0, start with arbitrary regions 퓡𝑙(𝑖) and
then set 𝑖 = 1.

(S1.1) Let 𝑗 be an iteration number. For 𝑗 = 0, start with small
multipliers 𝛽𝑝(𝑖, 𝑗) and 𝛽𝜖

𝑘,𝑙(𝑖, 𝑗) and keep 𝑗 = 0:
(S1.1.1) Substitute 퓡𝑙(𝑖), 𝛽𝑝(𝑖, 𝑗) and 𝛽𝜖

𝑘,𝑙(𝑖, 𝑗) into (6)-(7) to
find p∗

𝑙 and r∗𝑙 ∀𝑙. Set p𝑙(𝑖, 𝑗) = p∗
𝑙 and r𝑙(𝑖, 𝑗) = r∗𝑙 .

(S1.1.2) Use p𝑙(𝑖, 𝑗) and r𝑙(𝑖, 𝑗) to check constraints 𝐶1
and 𝐶2 in (4). If ∣𝐶1∣ ≈ 0 and ∣𝐶2∣ ≈ 0 then stop, set
p𝑙(𝑖) = p𝑙(𝑖, 𝑗), r𝑙(𝑖) = r𝑙(𝑖, 𝑗), 𝛽𝑝(𝑖) = 𝛽𝑝(𝑖, 𝑗) and
𝛽𝜖
𝑘,𝑙(𝑖) = 𝛽𝜖

𝑘,𝑙(𝑖, 𝑗), and go to (S1.2). Otherwise, update
𝛽𝑝(𝑖, 𝑗) and 𝛽𝜖

𝑘,𝑙(𝑖, 𝑗) according to (12), increase 𝑗 and go to
(S1.1.1).

(S1.2) Substitute p𝑙(𝑖), r𝑙(𝑖), 𝛽𝑝(𝑖), and 𝛽𝜖
𝑘,𝑙(𝑖) into (10) and (11) to

find 퓡∗
𝑙 ∀𝑙. Set 퓡𝑙(𝑖) = 퓡∗

𝑙 .
(S1.3) Compare p𝑙(𝑖), r𝑙(𝑖), 𝛽𝑝(𝑖), and 𝛽𝜖

𝑘,𝑙(𝑖) to p𝑙(𝑖−1), r𝑙(𝑖−1),
𝛽𝑝(𝑖−1), and 𝛽𝜖

𝑘,𝑙(𝑖−1). If the difference is small or if 𝑖 = 𝐼 ,
then stop and go to (S1.4) ; otherwise increase 𝑖, and go to
(S1.1).

(S1.4) If 𝑖 = 𝐼 , then return {p𝑙(𝑖)}𝐿𝑙=1, {r𝑙(𝑖)}𝐿𝑙=1 and {퓡𝑙(𝑖 −
1)}𝐿𝑙=1 as solution. Otherwise, return {p𝑙(𝑖)}𝐿𝑙=1, {r𝑙(𝑖)}𝐿𝑙=1

and {퓡𝑙(𝑖)}𝐿𝑙=1 as solution

Note that step (S1.4) is required because {퓡𝑙(𝑖)}𝐿𝑙=1 in
(S1.3) may fail to satisfy the constraints in (4). As mentioned,
convergence of the above algorithm is not guaranteed and de-
pends critically on the initialization steps (standard approaches
to deal with this problem include finding a good initial point
and/or using multiple initializations). Remarkably, since the
problem in (4) is jointly convex w.r.t. {p𝑙}𝐿𝑙=1 and {r𝑙}𝐿𝑙=1 , it
holds that the power and rate loadings returned by Algorithm
1 are globally optimum if the channel quantizer is fixed
beforehand. This feature will be further exploited in the next
section to reduce the complexity of the overall design.

From an operational perspective, the dynamic resource
allocation based on Q-CSI proceeds as follows. During an ini-
tialization phase the receiver runs Algorithm 1; finds {p∗

𝑙 }𝐿𝑙=1,
{r∗𝑙 }𝐿𝑙=1 and {퓡∗

𝑙 }𝐿𝑙=1; and feeds {p∗
𝑙 }𝐿𝑙=1 and {r∗𝑙 }𝐿𝑙=1 back

to the transmitter (note that if the transmitter also runs Algo-
rithm 1, then there is no need of feeding back the optimal
rate and power codebooks during the initialization phase).
Once the system has been initialized, during the transmission
phase the following two actions have to be taken every time
the channel changes (i.e., every coherence interval). First, the
receiver estimates g, relies on {퓡𝑙}𝐿𝑙=1 to find the index of the
region the current channel realization belongs to, codifies that
index into the codeword c, and feeds back that codeword to
the transmitter. Second, the transmitter decodes c and selects
the corresponding p𝑙 and r𝑙 vectors that are loaded during the
current coherence time. As pointed out in the introduction,
different from, e.g. [26] or [7], the average formulation in
(4) leads to an online phase with negligible computational
complexity, which is certainly of interest in most dynamic
wireless systems.

Since there is no scheme that for any instance of the prob-
lem is able to find p∗

𝑙 , r
∗
𝑙 and 퓡∗

𝑙 in polynomial time, from an
implementation perspective we always have to shoot for sub-
optimal schemes. In the next section different simplifications
in the formulation will be proposed, giving rise to schemes
with a low-complexity initialization (off-line) phase. As it will
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be shown, those schemes will be guaranteed to converge and
yield an overall performance very close to the optimal.

IV. REDUCED-COMPLEXITY ALGORITHMS

In this section, reduced-complexity quantization and re-
source allocation algorithms which entail a small loss of
optimality (average rate performance) are designed. To do so
we will try to simplify the main tasks carried out in Algorithm
1. Specifically three simplifications are investigated. First,
we consider a non iterative channel quantizer that quantizes
each subcarrier separately and gives rise to a convex design.
Second, we propose a robust worst-case design that greatly
reduces the dimensionality of the novel resource allocation
problem. Third, using stochastic approximation tools, we
propose a low-complexity stochastic iteration that estimates
the value of the Lagrange multipliers on-the-fly and eliminates
the need of running an algorithm during the initialization
phase. For all cases, the loss of performance due to the
simplifications here considered will be numerically evaluated
through simulations in Section VII.

A. Fixed Scalar (Per Subcarrier) Quantizer

So far no prior structure of the channel quantizer was
assumed and a generic vector quantizer has been obtained in
(10) and (11). Since the entries of g are positive real numbers,
a popular low-complexity alternative quantizer consists of
performing separate scalar quantization of each of the entries
of g [10], [7], [17]. This alternative not only is desirable
from an implementation perspective (scalar quantizers are
inexpensive and widely spread), but also entails a reduction
of the complexity required to implement resource allocation
algorithms. Furthermore, numerical results will corroborate
that for medium-high feedback rates, this assumption does not
entail a significant loss of performance. Based on this, we can
suppose that:
(as.4) A realization of each [g]𝑘 gain falls into one of 𝐿𝑘

disjoint regions {ℛ𝑘,𝑙}𝐿𝑘

𝑙=1.
Under (as.4) the domain of the 𝑘th entry of vector g is
divided into 𝐿𝑘 regions, and therefore the number of regions
𝐿 in which the domain of the entire vector g is divided is
𝐿 = Π𝐾

𝑘=1𝐿𝑘.
Furthermore, since the BER is a monotonic function w.r.t.

[g]𝑘, it can be concluded that without loss of optimality, each
of those 𝐿𝑘 regions can be described by a single interval
ℛ𝑘,𝑙 = [𝜏𝑘,𝑙−1, 𝜏𝑘,𝑙) with 𝜏𝑘,0 = 0 and 𝜏𝑘,𝐿𝑘

= ∞. As a result
the scalar subcarrier quantizer can be alternatively described
using 𝐿𝑘+1 different quantization thresholds {𝜏𝑘,𝑙}𝐿𝑘

𝑙=0. With
regard to the design of resource allocation schemes, (as.4) typ-
ically entails that the power and rate loadings corresponding
to the lowest regions are zero. This is because the realizations
in [0, 𝜏𝑘,1) are so poor that the power required to attain a
medium-low BER is so high that the best decision is not to
transmit.

1) Equally Probable Region Quantizer: As it was explained
before, algorithms in Section III-C cannot yield the optimal
global solution of problem (4). The underlaying reason is
that the original problem in (4) is not convex w.r.t. {퓡𝑙}.
As a result, the regions returned by those algorithms are

typically local optima that heavily depend on the initialization.
Nevertheless, since the problem in (4) is jointly convex w.r.t.
{p𝑙} and {r𝑙}, if the regions were fixed, then the power and
rate loadings obtained in step (S1.1) of Algorithm 1 would be
globally optimal. Although (as.4) reduces the complexity of
the design, finding the optimum scalar quantizer is still a non-
convex problem. This prompt us to propose a low-complexity
non-iterative procedure where the quantization regions are
designed beforehand under a reasonable alternative criterium
and the optimal power and rate loadings are obtained running
a single iteration of step (S1.1) in Algorithm 1 (without a need
of implementing a coordinate ascent approach).

Among several available alternatives to design the non-
iterative scalar channel quantizer, we select the equally-
probable region quantizer in [7, Sec. V-B.2.a]. The motivation
for selecting this quantizer is three-fold: i) in many cases a
closed-form solution for the channel thresholds is available; ii)
from an optimality perspective, this quantizer maximizes the
entropy of the Q-CSI corresponding to a single subcarrier; and
iii) extensive numerical simulations have shown that loss of
performance relative to the optimum scalar quantizer is small
even for low feedback rates.

Specifically, the equally-probable region quantizer deter-
mines 𝜏𝑘,𝑙’s so that

Pr(𝑔𝑘 ∈ ℛ𝑘,𝑙) =

∫ 𝜏𝑘,𝑙+1

𝜏𝑘,𝑙

𝑓𝑔𝑘(𝑔𝑘)𝑑𝑔𝑘 = 1/𝐿𝑘 ∀(𝑘, 𝑙). (15)

For Rayleigh channels (where subcarrier gains adhere to
exponential PDF’s), (15) yields the following closed-form
solution

𝜏𝑘,𝑙 = 𝑔𝑘 ln (𝐿𝑘/(𝐿𝑘 − 𝑙)). (16)

Unless explicitly mentioned, in the remaining sections the
equally probable region quantizer will be implemented.

B. Robust Worst-Case Design

Instead of maximizing 𝑟, in this section we will maximize
𝑟, a lower bound on 𝑟∗. Maximizing a lower bound is a
commonly used technique when direct optimization of the
original objective function is difficult [24]. To this end, let 𝜖−1

𝑟

denote the inverse function involved when solving (1) w.r.t. the
rate loading, and [gmin

𝑙 ]𝑘 := min{[g]𝑘 ∣ g ∈ 퓡𝑙} represent
the worst channel gain for the specific (𝑙, 𝑘) pair. Then we can
lower bound 𝑟 in (4) using 𝑟 :=

∑𝐾
𝑘=1 𝔼g[[̌r𝑙(g)]𝑘], where

[̌r𝑙]𝑘 := 𝜖−1
𝑟 ([p𝑙]𝑘, [g

min
𝑙 ]𝑘, 𝜖0). (17)

Note that if the scalar quantizer presented in Section IV-A is
implemented, then [gmin

𝑙 ]𝑘 = 𝜏𝑘,𝑙−1. The design parameters
using this lower bound approach will be identified with the
superscript “∨”. The lower bound in (17) brings the following
advantages: i) constraint 𝐶2 is automatically satisfied and thus
𝛽𝜖
𝑘,𝑙 = 0 ∀𝑘, 𝑙, and ii) a direct link is established between [p𝑙]𝑘

and [r𝑙]𝑘 through 𝜖−1
𝑟 and therefore we need only to optimize

over either variable, thus reducing the dimensionality.
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With rate variables eliminated, the new optimization prob-
lem is expressed as:⎧⎨
⎩
max
{p̌𝑙}

𝑟, where 𝑟 :=
∑𝐾

𝑘=1 𝔼g[𝜖
−1
𝑟 ([p̌𝑙(g)]𝑘, [g

min
𝑙(g)]𝑘, 𝜖0)]

subject to : 𝐶1̌.
∑𝐾

𝑘=1 𝔼g[[p̌𝑙(g)]𝑘] ≤ 𝑝0,

𝐶3̌. 0 ≤ [p̌𝑙]𝑘 ≤ 𝑝max
𝑘 ∀(𝑘, 𝑙).

(18)
The optimization in (18) can be easily cast as a convex
problem, whose optimal solution will be denoted by p̌∗

𝑙 . If
𝐶3̌ is ignored, then the KKT conditions (which for (18) are
necessary and sufficient) associated with the power loadings
are:

∂𝜖−1
𝑟 ([p̌∗

𝑙 ]𝑘, [g
min
𝑙 ]𝑘, 𝜖0)

∂[p̌𝑙]𝑘
− 𝛽𝑝∗ = 0, ∀(𝑘, 𝑙). (19)

The optimal powers in (19) can be found using an one-
dimensional search. Note that if after solving (19) the optimum
powers do not satisfy 𝐶3̌, the optimum feasible powers can
be found by projecting each of the solutions of (19) onto the
interval [0, 𝑝max

𝑘 ]
Regarding the optimal value of 𝛽𝑝∗, a similar approach to

the one developed in Section III-C can be used to find the
optimal value of the multiplier through the iteration

𝛽𝑝(𝑖 + 1) =
[
𝛽𝑝(𝑖) + 𝜇(𝑖)Δ̌(𝛽𝑝(𝑖))

]+
, (20)

Δ̌(𝛽𝑝∗) =
𝐾∑

𝑘=1

𝔼g[[p̌𝑙(g)(𝛽
𝑝∗)]𝑘]− 𝑝0. (21)

Different from Section III, the optimization problem in (18) is
strictly convex and therefore (20) will converge to the global
optimum. Noticeably, convergence is attained not only for
decreasing stepsize but also for sufficiently small constant 𝜇.

To obtain the final rate loadings, two options are possible.
The first one is to find the final rate loadings by substituting
the powers given by (18) into (17). In this case the BER
requirement is over-satisfied and the actual transmitted rate
is in fact the lower bound in (17). The second option is to use
the power loadings given by (18) to find the final rate loadings
as the values that tightly satisfy the average BER constraint
𝐶2 in (4). Let {r̃𝑙}𝐿𝑙=1 denote such rate loadings. The generic
entry [̃r𝑙]𝑘 is then found as the root of

𝔼g∈퓡𝑙
[𝜖([p̌∗

𝑙 ]𝑘, [̃r𝑙]𝑘, [g]𝑘)] = 𝜖0, ∀𝑘, 𝑙. (22)

Although in most cases [̃r𝑙]𝑘 in (22) cannot be found in
closed form, the monotonicity of the BER function allows
it to be obtained through line search (using e.g., the bisection
method). When (22) is utilized to find the final rate loadings,
the BER requirement is satisfied as equality and thus the actual
transmitted rate is higher. Notice that in this case the lower
bound in (17) is used during the optimization process and (22)
is used only as the final step once the optimization in (18) has
concluded.

To clarify the design, we next outline an algorithm that
takes advantage on the simplifications proposed in sections
IV-A and IV-B.

Algorithm 2: Robust Resource Allocation (RRA)

(S2.0) Let 𝑖 be an iteration number and set 𝑖 = 0. Let 𝛿 be a small
positive number. Start with arbitrary non-negative 𝛽𝑝(𝑖).

(S2.1) Substitute 𝛽𝑝(𝑖) into (19) to find p̌∗
𝑙 ∀𝑙. Set p𝑙(𝑖) = p̌∗

𝑙 .
(S2.2) Use p𝑙(𝑖) to check constraint 𝐶1̌ in (18). If ∣𝐶1̌∣ < 𝛿𝑝0 then

stop and go to (S2.3); otherwise update 𝛽𝑝(𝑖) according to (20),
increase 𝑖 and go to (S2.1).

(S2.3) Substitute p𝑙(𝑖) into (17) (robust design) or into (22) (tight
design) to find the final rate loadings. Return {p̌𝑙(𝑖)}𝐿𝑙=1 and
{ř𝑙(𝑖)}𝐿𝑙=1 (or {r̃𝑙(𝑖)}𝐿𝑙=1) as the optimal solution.

As in the case of Algorithm 1, Algorithm 2 is run off-line
during an initialization phase. Once the optimal power and
rate loadings for all the regions are known, the transmitter
will use c to load the optimal p̌𝑙 and ř𝑙 (r̃𝑙) corresponding to
the region that c indexes.

C. Stochastic Computation of the Optimum Lagrange Multi-
pliers

The main burden of Algorithm 2 is associated with the
computation of 𝛽𝑝∗. As mentioned before, Algorithm 2 is
performed off-line and requires knowledge of the channel
statistics. In fact, to evaluate Δ(𝛽𝑝(𝑖)) in (S2.2), the value
of 𝑝 needs to be computed. According to (3), this implies
that the probabilities Pr{g ∈ 퓡𝑙} have to be known for
every 𝑙. However there are situations where this computation
cannot be efficiently carried out or is not even feasible. For
example: in scenarios where the setup (channel distribution,
QoS requirements) changes so frequently so that 𝛽𝑝∗ has to be
continuously re-computed, in limited-complexity systems that
cannot afford the off-line burden (for systems with high 𝐾 , the
number of regions 𝐿 can be very high), or when the channel
statistics are unknown. In those situations, stochastic approx-
imation algorithms arise as an alternative solution to estimate
𝛽𝑝 [18]. Let 𝑡 denote the current block index (whose duration
will correspond to the channel coherence interval 𝑇𝑐ℎ) and
g[𝑡] the fading state during block 𝑡. To develop a stochas-
tic version of Algorithm 2, the average update Δ̌(𝛽𝑝∗) =∑𝐾

𝑘=1 𝔼g[[p𝑙(g)(𝛽
𝑝∗)]𝑘] − 𝑝0 in (21) will be replaced with

its stochastic version Δ̂(𝛽𝑝∗, 𝑡) :=
∑𝐾

𝑘=1[p𝑙(g[𝑡])(𝛽
𝑝∗)]𝑘−𝑝0.

Using this definition4, the original iterations over 𝛽𝑝 in (20)
can be replaced with the stochastic estimations

𝛽𝑝[𝑡] =
[
𝛽𝑝[𝑡 − 1] + 𝜇[𝑡]Δ̂(𝛽𝑝[𝑡 − 1], 𝑡)

]+
. (23)

For sufficiently small 𝜇, it can be shown that the trajectories
of the iterations in (20) and (23) are locked and that in fact the
stochastic iterates in (23) remain within a small neighborhood
of 𝛽𝑝∗. More specifically, with similar initial conditions in
(20) and (23) and given 𝑇 > 0, there exists 𝑏𝑇 > 0, 𝛽𝑇 > 0
so that

max
1≤𝑡≤𝑇/𝜇

∥𝛽𝑝(𝑡)− 𝛽𝑝[𝑡]∥ ≤ 𝑐𝑇 (𝜇)𝑏𝑇 0 ≤ 𝜇 ≤ 𝜇𝑇 ,

(24)
where 𝑐𝑇 (𝜇) → 0 as 𝜇 → 0. The result in (24) holds with
probability one and can be proved based on the averaging
approach in [27, Chapter 7]. Following the averaging method
for the approximation of the trajectory of the difference (or
differential) equations, updates in (23) and those in (20) can be
seen as a pair of primary and averaged systems. Under general

4Stochastic implementations of Δ̂(𝛽𝑝, 𝑡) different from the proposed here
(e.g., using finite time window averaging) are also possible.
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conditions, it is possible to show the trajectory locking of these
two systems via [27, Theorems 7.2 and 7.3]. The full proof of
the proposition is omitted due to space limitations. The main
idea is that since for the problem in (18) the optimal powers in
(19) are bounded and Lipschitz continuous w.r.t. 𝛽𝑝, the most
challenging conditions required in [27, Theorems 7.2 and 7.3]
hold.

It must be emphasized that iterations in (23) can be im-
plemented online without knowing the channel PDF. More,
since iterations in (23) rely on actual (real-time) channel
measurements, they can be readily used even when significant
interference from other cells is present. To do the same for
the schemes presented in previous sections, the PDF of the
interference would have to be known, which is not typical for
fading cellular systems. The ability to cope with interference
is certainly welcome from an operational perspective.

Regarding the operational complexity of the system, the it-
erations in (23) eliminate the need of implementing Algorithm
2 during an initialization (off-line) phase. When the channel
quantizer is given, the operation for every 𝑡 is as follows. The
receiver estimates g, quantizes it, encodes the region index
into the codeword c, and feeds this codeword back to the
transmitter. The transmitter receives the codeword c, finds the
corresponding p̌𝑙 substituting 𝛽𝑝[𝑡 − 1] into (19), and then
finds either ř𝑙 (robust design) or r̃𝑙 (tight design) substituting
p̌𝑙 into (17) or (22), respectively. After this, the transmitter
updates 𝛽𝑝[𝑡] according to (23) and transmits using p̌𝑙 and ř𝑙
(or r̃𝑙) as the optimal power and rate loadings during block
𝑡. Although the implementation of the stochastic estimations
in (23) incurs a higher complexity during the transmission
(online) phase, by eliminating the off-line phase the overall
complexity of the design is considerably reduced.

V. REDUCING THE LIMITED-RATE FEEDBACK

As explained before, developing vector channel quantizers
that jointly take into account the gains of all the subcarriers is a
hard problem. This is one of the reasons for which quantizing
each subcarrier separately has arisen as a much simpler yet
effective alternative. From an operational perspective, the main
drawback associated with this alternative is that in most
OFDM systems the number of subcarriers 𝐾 is high, and
therefore a large number of bits 𝐵 = ⌈𝐾 log2(𝐿𝑘)⌉ needs to
be fed back. A variety of methods that exploit the correlation
existing among subcarriers to reduce the amount of feedback
have been proposed in the literature. This way, relying on the
fact that variations among proximal subcarriers are smooth, the
channel can be characterized with some few channel measure-
ments. Most of the existing methods also have in common that
they aim to be as simple as possible, either computationally, or
conceptually, or both, and few sophisticated algorithms have
been proposed (see [6] for an exception).

In this setting, algorithms for reducing the LRF can be
roughly divided into three main groups, namely, equally
spaced subcarrier algorithms, subcarrier grouping algorithms,
and subcarrier ordering algorithms. All of them use the
following relevant property of OFDM systems (see, e.g., [7,
Proposition 1]).

Property 1. Sufficient Number of Subcarriers: Only 2𝑁+1

points on the squared amplitude of the DFT grid suffice to
identify the 𝑁 + 1 non-zero complex taps of channel ℎ𝑛. ■

A. Equally Spaced Subcarriers Algorithms

An implication of Property 1 is that the entire gain vector g
can be fully characterized by 2𝑁 +1 equally-spaced samples.
To be more specific, let us first define the sampling grid as
the set 𝑆 := {⌊𝐾/(4𝑁 + 1) + 𝑛𝐾/(2𝑁 + 1)⌋, with 𝑛 =
0, . . . , 2𝑁} and collect the indexes of all the non-sampled
subcarriers into the set 𝑆𝑐. Then, the gains of the non-
sampled subcarriers can be estimated using the following sinc
interpolator [7]

[ĝ]𝑘 =
∑
𝑘′∈𝑆

sinc
(𝑘 − 𝑘′)(2𝐿 + 1)

𝑁
[g]𝑘′ , ∀𝑘 ∈ 𝑆𝑐. (25)

A linear interpolator can be used as an alternative [19],

[ĝ]𝑘 =
[g]𝑘𝑢𝑝 − [g]𝑘𝑙𝑜𝑤

𝐾/(2𝑁 + 1)
(𝑘−𝑘𝑙𝑜𝑤)+ [g]𝑘𝑙𝑜𝑤 , ∀𝑘 ∈ 𝑆𝑐, (26)

where 𝑘𝑢𝑝 and 𝑘𝑙𝑜𝑤 denote, respectively, the higher and lower
closest indexes to 𝑘 that belong to the sample set 𝑆. To adapt
these interpolation algorithms to a limited-rate-feedback setup
where quantization is also present, the following procedure has
to be implemented: i) the receiver quantizes the analog gains
of the subcarriers in 𝑆; ii) the 2𝑁+1 quantized gains are feed
back to the transmitter; iii) the transmitter estimates the analog
gain for all the subcarriers in 𝑆 (e.g., using a MSE estimator
on each subcarrier); iv) the estimates for the sampling grid
𝑆 are used to estimate the analog gains for the non-sampled
subcarriers in 𝑆𝑐 using the interpolation methods in (25) and/or
(26); and v) those analog estimates are quantized to obtain the
quantized gain at every subcarrier. Notice that in this case the
number of feedback bits reduces from ⌈𝐾 log2(𝐿𝑘)⌉ down to
⌈(2𝑁 + 1) log2(𝐿𝑘)⌉, with 𝑁 ≪ 𝐾 .

The algorithms that rely on the interpolation of the channel
from its downsampled version in the pilot subcarriers are
also called comb-type pilots. They are simple to implement,
although in [28] they are shown to suffer from drastic perfor-
mance degradation in the case of imperfect synchronization,
due to the interpolation error dominating the estimator perfor-
mance.

B. Subcarrier Grouping Algorithms

An alternative set of algorithms have been proposed for
exploiting the correlation of subcarriers (e.g., [29], [30]). The
rationale for these methods is to first divide the set of corre-
lated OFDM subcarriers into groups of subcarriers. Groups are
defined using criteria such as statistical independence and the
number of groups is typically set to a multiple of the channel
length 𝑁 . Once the groups are defined, a gain representing the
entire group is quantized and sent to the transmitter, which sets
the quantized gain of all the subcarriers in that group to the
same value. When the number of quantization regions is high
and hence the quantization error is negligible, the recovery
process is accurate. Using the results in Property 1 and the
previous subsection, subcarrier grouping can be viewed as
a sampling/interpolation scheme with zero-order (constant)
interpolation. Thus, it is expected to perform reasonably well
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if the number of groups is greater than 2𝑁 , but slightly
worse than the more sophisticated interpolators in (25) and
(26). Subcarrier grouping algorithms have been shown to be
effective in practice and due to its easy implementation they
are are widely used.

C. Subcarrier Ordering Algorithms

A simple but effective idea to reduce the feedback for the
equally spaced case has been recently proposed in [19]. Instead
of feeding back the subcarrier gains of all comb-type pilots,
the algorithm in [19] sorts the channel gain of comb-type pilots
and only feeds back: i) the permutation index that identifies
the current ordering and ii) the quantized version of maximum
and minimum channel gains, denoted by [𝒈]𝑚𝑖𝑛 and [𝒈]𝑚𝑎𝑥.
The order information is efficiently conveyed by an index from
a predetermined codebook. Such a codebook contains all the
possible orders of subcarrier channel gains and is shared by the
transmitter and the receiver. If the number of pilots is denoted
by 𝐺 (recall that according to Property 1, 𝐺 should be greater
than 2𝑁 ), then the gains of the remaining 𝐺 − 2 pilots are
estimated by interpolation. A simple linear interpolation for
the 𝑘th interpolated gain is given by

[ĝ]𝑘 =
[𝒈]𝑚𝑎𝑥 − [𝒈]𝑚𝑖𝑛

𝐺 − 1
(𝑘 − 1) + [𝒈]𝑚𝑖𝑛. (27)

The gains for the remaining subcarriers are estimated using the
procedure described for the equally spaced case. The amount
of feedback in this case is ⌈2 log2(𝐿𝑘)+ log2(𝐺!)⌉ bits (max-
imum and minimum gains, plus indexing all the 𝐺 possible
orders). This option can entail a reduction of the feedback rate
if the number of regions 𝐿𝑘 is high or if the number of taps 𝑁
is small. Therefore, it represents a simple and effective trade-
off between accuracy and complexity, specially for systems
with low 𝐺.

D. On the Structure of the Channel Quantizer

In this section, a variety of methods aiming at reducing
the feedback have been described. All of them exploited the
correlation among subcarriers in OFDM systems. In general,
these algorithms exhibit a trade-off between simplicity and
accuracy, and they should be chosen depending on the specific
operating conditions. Nevertheless, in most cases their overall
performance is not too different, as will be shown in the
simulations.

Each of the schemes that have been proposed in this
paper is characterized by a channel quantizer structure with
different definitions and degrees of complexity. In Section II,
no description of the channel quantizer was given, and only
the number of regions and the feedback mechanism were
established. In Section III, a generic channel quantizer was
developed as the optimal solution of the problem formulated in
(4). Under this approach, changes in the optimization criterion,
in the QoS requirements, or in the channel distributions,
clearly give rise to different channel quantizers. In Section
IV, quantizers that operate on each subcarrier separately were
investigated. Finally, in this section the quantization has been
further refined in order to efficiently exploit the correlation
across subcarriers. Finding channel quantizers that combine

both efficiency (near optimality) and low-complexity is one
of the most difficult issues when designing adaptive Q-CSIT
systems.

VI. IMPLEMENTATION ISSUES

This section is devoted to briefly discuss practical issues
that have not been yet addressed in this paper. Firstly, the
extension of our schemes to multi-user systems is considered.
Secondly, the quantification of the feedback rate is discussed.
Finally, due to its relevance for practical implementation, the
computational complexity required to implement the proposed
schemes is summarized at the end of this section.

A. Extension to Multiuser Systems

The schemes that we have presented assume single user sce-
narios. Nevertheless, most OFDM wireless systems consider
multiuser communications. Single user and multiple user adap-
tive OFDM systems differ in subcarrier assignment to users.
Two alternatives arise to deal with this issue: fixed subcarrier
assignment and (channel-) adaptive subcarrier assignment.
When the subcarrier assignment is fixed (i.e., it is the same
regardless of the CSI), the problem can be decoupled among
users and our algorithms can be readily used in a multiuser
architecture. It is important to mention though, that if the
fixed subcarrier allocation is designed to collect the maximum
frequency diversity (which in principle is the best option when
the assignment is fixed), then the subcarriers assigned to a
given user have to be equally spaced and as far apart as
possible. The price to pay in such a case is that grouping
techniques that reduce the feedback rate by exploiting the
correlation across subcarriers will not be effective any more
(when sufficiently apart, the subcarriers are not correlated any
more). The scenario where subcarrier assignment is adapted
as a function of the CSI is more challenging. If the criterion
to decide which user is going to access is fixed beforehand
(e.g., the subcarrier is assigned to the user with highest
SNR), then the schemes developed in this paper can still
be used as long as the criterion is taken into account when
the iterations over the Lagrange multipliers are implemented.
However, if the subcarrier allocation is designed to be optimal
in the sense of either (4) or (18), then the developed schemes
require changes that are non-trivial. Specifically, the subcarrier
assignment needs to be incorporated into (4) and (18) as
a new optimization variable. The updated problem is more
difficult to solve and can even have combinatorial complexity;
e.g., that would be the case if only one user is allowed to
transmit in a single subcarrier. The design of schemes that
jointly optimize channel quantizers, power and rate loadings,
and subcarrier allocation for systems with multiple users is
certainly a problem of interest, but it is beyond the scope of
this paper. Readers interested in this issue can check, e.g.,
[17], [31], [32], [13], [33], [14], [15], and references therein.

B. Quantifying the Feedback Rate

According to the operational conditions considered in this
paper, for every channel realization the receiver estimates
the channel, finds the index of the active region, and sends
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this information back to the transmitter. Quantifying the rate
required to feed back the information to the transmitter
emerges as a fundamental issue. The feedback rate will
depend on the setup of the system: number of regions per
subcarrier, implementation of subcarrier grouping techniques,
and coherence time of the fading channel 𝜏𝑐. The latter is true
because there is no need for feeding back c every symbol
time, but only every time the channel changes; i.e., every 𝜏𝑐
seconds. Recall that if the speed of the mobile user 𝑣 and
the carrier frequency of the system 𝑓𝑐 are known, then 𝜏𝑐 can
be lower bounded by 𝜏𝑐 ≥ 1/(5𝑓𝑑) = 1/(5𝑓𝑐𝑣/𝑐), where
𝑓𝑑 is the maximum Doppler frequency [2]. Consider now an
example where: 𝐿𝑘 = 4 regions per subcarrier, 𝑁 + 1 = 4
taps, 𝑣 = 3 m/s, and 𝑓𝑐 = 1 GHz. It readily follows that
𝐵 = (2𝑁 + 1) log2(𝐿𝑘) = 14 bits are required to describe
every channel realization (see Section V) and 𝜏𝑐 ≥ 20 ms.
This implies that the feedback rate required is 14/0.02 = 700
bits/s, which is certainly affordable in most wireless systems.
However, in scenarios with challenging conditions (especially
when mobility is extremely high), the signaling cost can be
significant. For example, for 𝐿𝑘 = 8, 𝑁 +1 = 7, 𝑣 = 50, and
𝑓𝑐 = 5 GHz, the required feedback rate would increase up to
162 kbits/s, which is considerably higher.

C. Considerations on the Computational Complexity

We finish this section by analyzing the complexity required
to implement our schemes. As explained in previous sections,
most of the developed algorithms operate in two phases.
During the first phase (initialization phase, which is carried out
off-line), the values of the Lagrange multipliers (and conse-
quently the values of p𝑙, r𝑙, and 퓡𝑙 ∀𝑙) are found using either
Algorithm 1 or Algorithm 2. Although the computational
complexity for solving Algorithm 2 is much smaller than that
required for Algorithm 1 (recall that (18) is convex while (4) is
not), the computational burden for solving Algorithm 2 cannot
be neglected. The main source of complexity is the expectation
over the fading channel distribution in (21). Differently, the
complexity during the online phase is negligible. This is due
to the average formulation selected for (4) and (18). Had the
average terms in (4) or (18) been replaced with instantaneous
terms, a different optimization problem would have to be
solved for each channel realization, considerably increasing
the computational complexity. Note also that if the channel
statistics or the QoS requirements change (which is not usual),
Algorithm 2 (Algorithm 1) needs to be executed again.

The complexity required to implement the schemes pro-
posed in Section IV-C is much smaller. Since in Section IV-C
the value of the Lagrange multiplier 𝛽𝑝[𝑡] is estimated online
[cf. (23)], the initialization (off-line) phase is not required. The
price to pay is a small increase of the complexity during the
online phase. For these schemes, when the transmitter receives
the codeword c, two additional tasks have to be implemented:
finding the power and rate loadings based on c and 𝛽𝑝[𝑡], and
updating the estimation of 𝛽𝑝[𝑡] for 𝑡 + 1. Moreover, due to
the tracking capabilities of (23), no actions are required when
either the channel statistics or the QoS requirements change.
Further details were given at the end of Section IV-C.
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Fig. 2. Comparison of various resource allocation schemes on the basis of
average transmit-rate: setup 1.

VII. NUMERICAL EXAMPLES

In order to numerically test our rate-efficient designs, an
adaptive OFDM system with 𝐾 = 64 subcarriers is con-
sidered. Modulation and coding schemes satisfying (1) are
assumed, a maximum BER level of 𝜖0 = 10−3 is required,
and an average power budget of 𝑝0 = 100 is available. The
default average signal-to-noise ratio (assuming unitary power
per subcarrier) is set to 6 𝑑𝐵, channel taps are assumed
complex Gaussian (so that taps amplitudes are Rayleigh and
subcarrier power gains are exponential), and the power profile
considered for the multi-path channel corresponds to the test
channel Vehicular A recommended by the ITU in [34, Table
5].

Test Case 1 (Comparison of allocation schemes): For dif-
ferent average SNR values, Fig. 2 compares the total average
transmit rate for four different allocation schemes based on:
(i) the benchmark P-CSIT (water-filling over subcarriers and
time, penalized with a SNR gap of log(𝜅1/𝜖0)/𝜅2 [2]), (ii)
Algorithm 1, (iii) Algorithm 2 with a tight satisfaction of the
BER requirement (i.e., using {r̃𝑙}𝐿𝑙=1 as loading rates), (iv)
Algorithm 2 with a robust satisfaction of the BER requirement
(i.e., using {ř𝑙}𝐿𝑙=1 as loading rates), and (v) a non-adaptive
algorithm that only takes into account the average SNR.
Schemes in (iii) and (iv) consider 𝐿𝑘 = 3 regions per subcar-
rier (since the first region will always be an outage region this
implies 2 active regions per subcarrier). Moreover, Algorithm
1 is initialized at several points (including the solution of the
robust version of Algorithm 2, which typically yields the best
results) and

∏𝐾
𝑘+1 𝐿𝑘 = 3𝐾 regions are considered.

The most relevant observation is that the performance
achieved by the optimal solution based on P-CSIT, Algorithm
1 and the tight version of Algorithm 2 is very similar and con-
siderably better than the one of the non-adaptive alternative.
These results validate the simplifying assumptions investigated
in Section IV (namely, independent subcarrier quantization,
equally probable quantizer per subcarrier, and utilization of
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Fig. 3. Comparison of various resource allocation schemes on the basis of
average transmit-rate: setup 2.

the BER function as a mean to relate power and rate within
the same region) and motivate the implementation of limited-
feedback rate channel adaptive algorithms even if the number
of regions is small. We also observe differences between the
two versions of Algorithm 2 are small (less than 10% in terms
of rate or 2-3 𝑑𝐵 in terms of SNR), meaning that the upper
bound in (22) is tight. With regard to complexity, both versions
of Algorithm 2 are fairly simple and entail a computational
burden similar to the one of the water-filling algorithm for the
P-CSIT case. On the contrary, Algorithm 1 not only entails
a much higher complexity, but also may need to be executed
multiple times to find a good convergence point (recall that
the final solution of Algorithm 1 depends critically on the
initialization). Regarding computational complexity, it is worth
noting that on average Algorithm 1 requires around 10, 000
times more operations than the tight version of Algorithm 2,
while the latter requires around 1.1 times more operations than
the robust version of Algorithm 2. Additionally, implementing
any of the versions of Algorithm 2 requires 50-100 times less
computations than implementing the P-CSIT allocation (no
comparison is made with the non-adaptive allocation because
the computational complexity to implement that scheme is
negligible).

Numerical results confirming our previous conclusions are
shown in Fig. 3. This figure depicts the average rate for the
P-CSIT solution, the two versions of Algorithm 2 and the
non-adaptive scheme for a setup with 𝐾 = 256, 𝐿𝑘 = 4,
𝜖0 = 10−4 and 𝑝0 = 400.

Test Case 2 (Convergence of the stochastic iterations):
The convergence of the stochastic iterations proposed in
Section IV-C is analyzed in this test case. The initial setup
in Test Case 1 is also used here with an average SNR of
6 𝑑𝐵. The top plot in Fig. 4 depicts the trajectories of the
sample average of the (robust) rate ˆ̄𝑟[𝑡] := 𝑡−1

∑𝑡
𝑞=1

∑𝐾
𝑘=1

ř𝑙(g[𝑡])(𝛽
𝑝[𝑞]) vs. the time index (online iterations), the middle

plot depicts the trajectory of the sample average of the power
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of the off-line non-stochastic iterations are also plotted (dotted lines).

TABLE I
AVERAGE RATE FOR DIFFERENT VALUES OF THE NUMBER OF REGIONS

PER SUBCARRIER.

# of regions per channel 2 3 4 8 16 ∞
Tight design 52.9 57.9 63.1 69.0 70.9 71.7

Robust design 44.6 50.9 56.0 63.2 67.1 71.7

ˆ̄𝑝[𝑡] := 𝑡−1
∑𝑡

𝑞=1

∑𝐾
𝑘=1 p̌𝑙(g[𝑡])(𝛽

𝑝[𝑞]) and the bottom plot

depicts the trajectory of the Lagrange multiplier 𝛽𝑝[𝑡]. The
first two plots illustrate not only that the stochastic schemes
are able to achieve the same performance than that of the
optimum off-line schemes (dotted line), but also that they
exhibit a linear convergence. Regarding the behavior of the
stochastic estimate of the Lagrange multiplier we observe how
indeed the trajectories of the online iterations remain locked
to the trajectories of the off-line iterations (dotted line) [cf.
(24)] and how within the convergence region, the estimates
hovers around the optimal off-line value. Although not shown
in the figure, numerical simulations also corroborate that the
selection of 𝜇 affects both the speed of convergence of the
sample estimates (higher the stepsize faster the convergence)
and the hovering of the Lagrange multiplier estimate (higher
the stepsize higher the hovering).

Test Case 3 (Number of quantization regions): Table I lists
the average transmit-rate versus the number of active regions
per subcarrier. Simulation results show that our simplified
schemes lead to a rate loss no greater than 10-20% w.r.t.
the upperbound given by the P-CSIT case (𝐿𝑘 = ∞). This
translates to a 2-4 𝑑𝐵 penalty in terms of SNR. Moreover,
as the number of regions increases we observe that: a) the
rate gap w.r.t. the P-CSIT case shrinks reaching a rate loss of
less than 5% for the case of four active regions, and b) the
rate gap between the tight and the robust algorithms vanishes
(meaning that the bound in (22) gets tighter as the size of the
region gets smaller).
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Test Case 4 (Feedback reduction): The final test case
analyzes the performance loss when the alternatives to reduce
the feedback rate presented in Section V are implemented.
The number of regions per subcarrier is 𝐿𝑘 = 4, a channel
with 𝑁 +1 = 4 taps is simulated, and different average SNR
values are considered. The left top plot in Fig. 5 compares
the average transmit rate achieved by the robust version of
Algorithm 2 for five different feedback schemes: i) a full-
feedback scheme that sends information of all the subcarriers
(128 feedback bits); ii) the scheme in Section V-A with 2𝑁+1
equally spaced pilots and using the sinc interpolation in (25)
(16 feedback bits); iii) the scheme in Section V-A with 2𝑁+1
equally spaced pilots and using the linear interpolation in (26)
(16 feedback bits); iv) the scheme in Section V-B that groups
the subcarriers into 2𝑁+1 sets and quantizes the average gain
of each set (16 feedback bits); and v) the scheme in Section
V-C that combines the ordering of the 2𝑁 + 1 pilots and the
quantization of the maximum and minimum gains (20 bits).
Rate results corresponding to the tight version of Algorithm 2
are plotted in the right top plot. In both cases, differences are
due to the fact that the interpolation/groupping/quantization
processes described in Section V introduce errors in the
channel estimation. The main conclusion from the two upper
plots is that all tested methods exhibit a similar average rate.
However, channel estimation errors will also affect the BER
performance and can induce violation of the BER requirement.
For this reason, the bottom plots in Fig. 5 depict the BER
for the four tested schemes. Although the differences are not
extremely high, we observe how indeed errors in channel
estimation can entail a violation of the BER constraint. In
particular, the larger BER for v) is because when the subcarrier
gains are sorted, they follow a profile that is slightly convex,
while the profile assumed in (27) is linear. This results in an
overestimation of the gains, and hence it makes the system
transmitting a higher rate with higher error.

Test Case 5 (Comparative performance): In the last test

case, the performance of the tight version of Algorithm 2 is
compared with three alternative schemes that operate under
limited-feedback rate constraints. The first two schemes satisfy
the requirements of the WiMAX Standard [35]. Both schemes
use the same power for all subcarriers and consider different
Modulation and Codification Schemes (MCS). The difference
is that the first scheme (Wimax 1) can use a different MCS
on each subcarrier, while the second scheme (Wimax 2)
uses the same MCS for every subcarrier. For each channel
realization the MCS mode selected is the one that satisfies
the BER constraint and gives rise to the highest instantaneous
transmit-rate. The third method that has been implemented
(Shin06) was proposed in [36]. It considers a finite number
of rate values and transmits with the same power in all
active subcarriers. The main difference relative to the previous
schemes is that the power corresponding to subcarriers that
are not activated can be used to increase the power of the
active subcarriers (this clearly amounts to a simple form of
power adaptation). For each channel realization, the active
rate modes and the number of active subcarries are selected
so that the instantaneous BER constraint is satisfied and
instantaneous transmit-rate is maximized. Simulations have
been carried out for the two setups considered in test case
1. The results are shown in Figs. 6 (𝐿𝑘 = 3, 𝐾 = 64,
𝑝0 = 100, and 𝜖0 = 10−3) and 7 (𝐿𝑘 = 4, 𝐾 = 256,
𝑝0 = 400 and 𝜖0 = 10−4). In both scenarios, we observe that
Algorithm 2 performs better than (Shin06), the latter performs
better than (Wimax 1), and the latter better than (Wimax 2).
This was expected because Algorithm 2 implements both rate
and power adaptation per subcarrier, (Wimax 1) implements
rate adaptation per subcarrier but a grossly suboptimal power
adaptation, and (Wimax 2) only implements rate adaptation.
It is worth noting that the relative gain of our algorithm is
reduced for higher SNR. This is not surprising because it is
known that power adaptation does not give significant gains
in the high SNR range. Finally, it is worth explaining that the
almost zero rate observed in Fig. 6 for the low SNR regime in
the Wimax schemes is due to the fact that the two active MCS
selected correspond to medium-high rates. Since the SNR are
low, the BER constraints cannot be satisfied and during most
of the time no subcarrier is activated. If the rate of the MCS
had been lower, the average rate in the low SNR regime would
have been better, but penalizing the average rate in the high
SNR regime.

Based on these results, we can conclude that: a) the de-
scribed techniques are an effective way to considerably reduce
the amount of feedback; b) methods with more sophisticated
interpolation/estimation procedures will in general yield better
performance; and c) if a very simple scheme to reduce the
feedback is selected, then the robust design could be a better
alternative to compensate the potential BER penalty.

VIII. CONCLUDING SUMMARY

For OFDM systems that adapt instantaneous power and
rate loadings based on quantized Q-CSIT obtained through
a limited-feedback rate link, schemes that maximize the av-
erage transmitted rate under prescribed average power and
BER constraints were devised. Using optimization theory, the
optimal channel quantizer and power and rate codebooks were
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Fig. 6. Comparison of various techniques that operate under limited-feedback
rate constraints: setup 1.
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Fig. 7. Comparison of various techniques that operate under limited-feedback
rate constraints: setup 2.

characterized and different iterative algorithms that jointly
solve for the channel quantizer and the power and rate loadings
were discussed. Such algorithms guarantee a local optimum
for the channel quantizer (which critically depends on the
initialization) and find the global optimal resource allocation
policy if the channel quantizer is given.

To increase the potential for practical deployment, focus
was also placed on suboptimal but reduced-complexity de-
signs. In this context, a fixed channel quantizer that quantizes
each subcarrier separately and facilitates the derivation of
optimal allocation schemes was presented. A worst case design
that automatically satisfies the BER requirement and reduces
the dimensionality of the resource allocation problem was also
considered. Provably convergent stochastic schemes that catch
the statistics of the channel on-the-fly and greatly reduce the
complexity of the allocation schemes were developed. Last
but not least, different alternatives that exploit the correlation
among subcarriers to reduce the amount of feedback bits
required were compared.

Numerical results validate the simplifying assumptions and
show that the proposed schemes are attractive because they
incur a small loss (both in terms of rate and SNR) relative to
the benchmark design based on P-CSIT which requires often
unrealistic feedback information.
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